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Abstract

This thesis studies the problem of supervised learning using a family of madines,
namely kernel learning madines. A number of standard learning methods belong
to this family, sud as Regularization Networks (RN) and Support Vector Machines
(SVM). The thesispreserts a theoretical justi cation of thesemadineswithin a uni-
ed framework basedon the statistical learning theory of Vapnik. The generalization
performanceof RN and SVM is studied within this framework, and boundson the
generalizationerror of thesemacinesare proved.

In the secondpart, the thesisgoesbeyond standard one-layer learning madines,
and probesinto the problem of learningusinghierardical learningsthemes.In partic-
ular it investigatesthe question: what happenswheninstead of training onemadine
usingthe available exampleswe train many of them, ead in a di erent way, and then
combine the macines? Two types of enserbles are de ned: voting conbinations
and adaptive combinations. The statistical properties of these hierarchical learning
shemesare investigatedboth theoretically and experimertally: boundson their gen-
eralization performanceare proved, and experimerts characterizingtheir behavior are
shawn.

Finally, the last part of the thesis discusseghe problem of choosing data repre-
sertations for learning. It is an experimertal part that usesthe particular problem
of object detectionin imagesasa framework to discussa number of issuesthat arise
when kernel maciinesare usedin practice.

Thesis Supervisor: TomasoPoggio
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Chapter 1

In tro duction

1.1 Motiv ation

Learning from examplesis at the cornerstoneof analyzing complexdata setsand of
dewelopingintelligent systems.Finding patterns in sequencesf numbers, deweloping
\theories" from few examples,designingmodels for forecastingand decisionmaking,
datamining, are someof the areasfor which what is called learning from examplesis
at the coreto sud a degreethat it is often de ned as someof them.

With the recen explosionof the internet, more and more complex data needto
be analyzed: from web tra c statistics and e-commercedata, to digital collections
of images,video, music, and of coursetext. Intelligent navigation through this data
spaceand extraction of interesting information from this large collection of bits is
increasinglyneeded.At the sametime, the dewelopmen of more and more complex
systemssud as intelligent agers and robots with advanced language,vision, and
decisionmaking modules, is typically approatied from the point of view that sud
systemsneedto have the ability to learn by themsehes through \experience" to
performtheir variousdi cult tasks. An ultimate dreamin this directionisto achievea
generalpurposelearning engineto allow madinesto learn from experience(and prior
knowledge){ somewhatlike peopledo { without the needof extensive programming
for eat speci c task.

1.1.1 Complex data analysis

To better understand the signi cance of learning for analyzing data, let's consider
two simple examples:

Given the following two sequencesf numbers:
A:1357 111317 19 23 ...

B:246 81012 14 16 18 ...

decidewhether number 53 belongsto sequenceA or B.

Given the following sequenceof numbers:
200 250 300 190 240 290 180 230 280 170 ...
predict what are the next three elemens of the sequence.

Analyzing the available data in order to solve problemsof this type seemseasyin
theseexamples(at rst glanceonly): the analysiscan be doneby using our (hardly
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understaod) abilities to nd patterns, dewelop theories, and reject possible expla-
nations from experience. In the framework of this thesis, all these abilities can be
summarizedas the ability to learn from examples:learning, in this framework, is a
type of data { the examples{ analysisprocess.

Of coursevery often the data to be analyzedare not as simple (looking) as the
onesin the examplesabove. In a large-scalescierti ¢ experimert or in a collection of
historical data of a corporation, many more numbers{ and often noisy{ are available,
and questionssimilar to the onesabove still needto be answered. It is a challenge
to dewelop systemsthat can analyzesud large datasetsand dewelop theories from
them that have predictive power: this is the goal of learning theory in the corntext of
complexdata analysis.

1.1.2 Building intelligen t systems

It is a commonbelief that learning is at the core of intelligence. Consequetly, our
attempts to dewlopintelligent systemsare highly constrainedby our ability to build
systemsthat can learn. An examplethat will also be further studied in this thesis
can clarify this idea.

Considerthe problem of dewloping a systemthat from any collection of images
canautomatically selectonly thoseof a particular type (i.e. imagescortaining a face,
asconsideredn chapter 5). One possiblestrategy can be for the systemto memorize
all imagescortaining faces,and then given a new collection of imagessimply select
the onesthat exactly match with oneof the imagesit has memorized. Unfortunately
sudh an approad would require that all possibleimagescortaining facesare stored
in memory: clearly this is impractical, and furthermore sud a brute force memory-
basedsystem would hardly be consideredby anyone as \in telligent” (granted the
distinction betweena \super-memory" systemand an intelligent oneis a vagueone).
Alternativ ely, if sud a systemwereto be consideredintelligent, it should be able to
\ gure out" how a facelooksonly from a few exampleimageswithout having to rely
on seeingand memorizingall possibleimages. We would say that a systemlearned
how a facelooks from the few available examples,if given a new image (that it has
not seenbefore)it can successfullywith high probability) decidewhetherthe image
cortains a faceor not. In this exampleit is implied that the smarter the systemis
the fewer the examplesit needsto learn the task. It is alsoimplied that successful
learning meanslow probability of making an error when new imagesare given.

Clearly such a procesg(learning) is fundamertal for many other similar problems:
detecting verbs in sertences, reading/recognizingcharacters, detecting soundsand
music patterns, understandingwhen a particular internet surfer would actually read
a newspageetc. Of coursevery often the learning processcan be a trivial one, for
examplein the casethat the aforemeioned memory-basedapproad is practical (i.e.
if only few possibleimagesof facesexisted). It is important to notice that this can
be the caseewen for complicated-laking tasks. For example, even for the caseof
face detection discussedabove, a systemmay be intelligent enoughto automatically
decideupon only a few featuresthat descrike a face,and then instead of memorizing
all possibleimagesof facesit could memorizeonly all possiblecon gurations of these
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features (which can be much lessthan the possibleimagesof faces). This probes
into the issuesof nding appropriate represetations for learning: intelligencemay lie
behind the choice of features. The issueof feature selectionand learningis a di cult
oneand very likely not to be ewer fully understaood.

Finally notice that building intelligent systemsand analyzing \complex" data
are tightly related: an intelligent facedetection systemlearnsthrough analyzingthe
(seemingly)compleximagedata. It is often more of a conceptualdistinction the one
of \complex data analysis" and \in telligent system dewelopmen": learning can be
seenas a commonunderlying process.

1.2 Learning as a mathematical problem

We considerlearning problemsof the type discussedibove: the goalis to useavailable
examplesof a particular input/output relation (i.e. input is an image, output is a
yes/no answer to the question whether there is a face in the image) in order to
dewelop a systemthat can learn this relation and decide outputs correspnding to
future inputs. This is so called sugervisal learning or learning from examples the
type of learning consideredn this thesis.

We view the problem of learning from examplesasthat of generatinga hypothesis
(\theory") from the available examples- the training data - that canbe subsequetly
used for tasks sud as prediction, pattern recognition, \evert" detection, decision
making etc. More formally, the data can be seenaspoints in a vector space,and the
\theory" asafunction in that space( gure 1-1). Learningfrom examplescanthen be
regardedasthe problem of appraximating the desiredmultiv ariate function ( nding
a hypothesis- function F in gure 1-1) from the sparseavailable data.

il

e
—>
e

~coT ~+cQ

Figure 1-1: A mathematical formulation of learning an input/output relation from
examples.

There are many ways one could proceedin searding for a theory-function. For
examplea simple solution, as discussedabove, could be to always considerthe func-
tion that takes ewerywherea xed value, say zero, apart from the training points
where it takes the values given at those points. This would be a simple memory
basedapproat. A geneal strategy can be to alwaysconsidera xed setof candidate
functions, and then chasethe best one aacording to the data and a desired criterion.
The choicesof the set of candidate theoriesand of the criterion give plenty of room
for a number of various learning methods. This thesis studies learning methods of
this secondtype.
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Whatever the approat onetakes,the main goalis the following: how to bestuse
the available training examplesto generatea theory that can best work when given
newdata { hasthe best predictive power. This wasalsothe key issuein the examples
discussedabove. This thesisstudiesthe problem of learning within a well formulated
mathematical framework, namely statistical learning theory, within which questions
of this type can be answered. Theoretical foundationsaswell as practical issuesare
discussed.

1.2.1 Regression and Classi cation

Depending on the type of the output valuesof the relation learned(seeFigure 1-1),
we distinguish betweentwo typesof supervisedlearning:

Regression: The outputs are real-valued, and thereforethe problemis that of
appraximating a real-valued function from the examples.

Classi cation:  (or pattern recognition) The outputs take only a few possible
values( nite number). In this casethe problemis to discriminate betweena
number of types/categoriesof inputs.

We discusshoth typesof learning madinessimultaneously and discriminate between
them only whenit is necessary

1.3 Outline of the thesis

The Statistical Learning Theory framew ork

The rst part, chapter 2, reviewsthe basic theoretical framework of the thesis,
particularly of chapters 3 and 4, namely Statistical Learning Theory (SLT) [Vapnik,
1982, Vapnik, 1995,Vapnik, 1994. The theory hasbeendewlopedto analyzelearning
methods of the following form:

Learning in Statistical Learning Theory

Given set of example pairs of an input-output relation, the problem of learning is
approated in two basicsteps:

1. A set of candidate functions (theories) that can be usedto characterize the
input-output relation is de ned: we call this a hypothesisspace.

2. Within the chosenhypothesis space,the function that best descrikes the ex-
ample data accordingto a given criterion is found. The criterion usedis the
minimization of errors over the exampledata made by the function.

More formally, in the secondstep the theory usesthe principle of empirical risk
minimization which, asthe namesuggestsjs the following:

12



De ne a lossfunction V that measureshe error made by a function f on an
input-output pair. If x is the input and y the actual output, then V is of the
form V(y;f (x)) and measureghe error madewhenf (x) is predictedwhile y is
the output.

Find the function in the hypothesisspacethat minimizesthe empirical error on
the exampleinput-output data. If f(x;;yi)g,.; isthe setof = available examples
(x; is the input and y; the correspnding output), and F is the hypothesis
spaceconsidered,then accordingto the empirical risk minimization principle
the solution to the learning problemis the function f 2 F that minimizesthe
empirical error:
X
V(yi; f(xi))
i=1
In the generalform, the theory suggestghat empirical risk minimization is per-
formed iteratively in a number of hypothesisspacesand that ewertually the \b est”
solution amongthe onesfound in ead hypothesisspaceis chosen. The theory gives
conditions under which this approad leadsto solutionsthat can be reliably usedto
nd the output of the relation correspnding to a new (i.e. future) input. Appropri-
ate measureof \reliabilit y" is alsode ned: it is the expected error the solution makes
on a newinput. Thereforethe theory answers questionsof the following type:

How largeis the expectederror of the solution found usingthe approad above?
How di erent is the empirical error of the solution from the expectedone?
How fast doesthe expectederror decreasesthe number of examplesincreases?

In the rst part of the thesis, chapter 2, this framework is formally presened.
Moreover, a technical extensionof the standard SLT of Vapnik, basedon work in the
PAC learningcommunity [Kearnsand Shapire,1994,Alon et al., 1993,Valiant, 1984,
is preserted. This extendedSLT will be usedin chapter 3 to theoretically justify and
analyzea classof learning madines, namely kernel learning macines.

Learning using Kernel Mac hines

A number of machinescanbe dewelopedin the aforemenioned framework. Among
others, two are the key choicesto be madewhen designinga learning madine:

1. Choosethe lossfunction V.
2. Choosethe set of possiblefunctions, hypothesisspaceF .

This thesisconceftrates on socalledkernelmachines Thesearelearningmadines
for which the hypothesisspaceis a subspaceof a Reproducing Kernel Hilbert Space
F with kernel K (hencethe namekernel macines) [Wahba, 1990, Aronszgn, 1950,
Wahba, 1980, Wahba, 1984 - seechapter 3. Learning using these machines can be
seenasa variational problem of nding the function f that minimizesthe functional
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|
minH[f] = 1x V(yi;f(xi) + kfkZ (1.1)
f2F (-
where kf kZ is a norm in the Reproducing Kernel Hilbert SpaceF de ned by the
positive de nite function K, isaparameteroften calledthe regularizationparameter
[Wahba, 1990,Powell, 1992, Poggioand Girosi, 1990,Girosi et al., 1995 Ivanov, 1976,
V (y;f (x)) is, asmertioned above, the lossfunction measuringthe error madewhen
function f outputs f (x) giveninput x while the actual output isy, and f (X;;i)gi—;
represen the °~ given exampledata - the training data.

Within this family of madines the thesis focuseson two particular kernel ma-
chines: standard regularization networks (RN) [Tikhonov and Arsenin, 1977,lvanov,
1976,Girosi et al., 1995, Wahba, 1994 and Support Vector Machines[Vapnik, 1998,
Cortes and Vapnik, 1999 for both regression(SVMR) and classi cation (SVMC).
Theseare kernel madinesfor the following choicesof the lossfunction V:

Standard (L,) Regularization Networks (RN)

Vy; fa) = (v f(xi)? (1.2)
Support Vector Machines RegressiofSVMR)

Vi f (i) = gyi f(Xi)] (1.3)
Support Vector Machines Classi cation (SVMC)
V(yi; f(xi)) =J1  wif (Xi)i+ (1.4)

wherej | is Vapnik's epsilon-insensitie norm (seelater), andy; is a real number in
RN and SVMR, whereasit takesvalues 1;1in SVMC. Lossfunction (1.4) is also
called the soft margin lossfunction. For SVMC, two other lossfunctions will alsobe
considered:

The hard margin lossfunction:
V(yi; F(x)) = @ vif(xi) (1.5)
The misclassi cation lossfunction:
V(yi;f(x)) = ( yif(xi) (1.6)
where () is the Heaviside function. For classi cation one should minimize (1.6) (or

(1.5)), but in practice other lossfunctions, sud asthe soft margin one(1.4) [Cortes
and Vapnik, 1995,Vapnik, 1994, are used.

A uni ed justi c ation for kernel machines

14



Formulating RN and SVM as kernel madiinesis the rst step towards the de-
velopmen of a uni ed theory that can justify both of them. The secondand most
important part is the study of the statistical properties of kernel macineswithin the
statistical learning theory framework outlined above. That is, the study of questions
like the onesdiscussedhbove. Chapter 3 presetts a framework basedon the technical
extensionof standard SLT presened in chapter 2 within which the kernel madines
listed above are theoretically justi ed and analyzed.In particular the following tech-
nical issuesare discussedseechapter 2 for de nitions):

1. Study of the VC-dimensionof the kernel madines outlined above (SVM and
RN).

2. Study of the V dimensionof the kernel madines outlined above (SVM and
RN).

3. Basedon the resultsof (1) and (2), uniform corvergencen probability both for
RN and for SVM regressions shavn.

4. Boundson the expectedrisk of the solution of RN, of SVMR, and of SMVC are
given. In the caseof SVMC new boundsboth on the misclassi cation expected
error of the solution, aswell asthe hard and soft margin errors are shown.

This will provide a uni ed theoretical justi cation and statistical analysisof RN
and SVM. Other loss functions, and therefore other kernel madines, will also be
justied within this unied framework. This will be the end of the rst part of the
thesis.

Learning using ensembles of Kernel Mac hines

The secondpart of the thesis, chapter 4, probesinto the following question: what
happenswhen instead of training one machine using the available exampleswe train
mary of them, eat in a di erent way, and then combine the macdinesfound? There
are a number of reasonsfor consideringsud a scenario. One intuition is that if a
number of madines are trained so that eat madine usesdi erent information -
that is, for example,di erent training data or features{ then a conbination of sut
madinesmay be morerobust to noise. Another justi cation is basedon the following
problem. Whentraining alearningmaadine, oftenthe problemof choosingparameters
(i.e. featuresor kernels)arises. One approad isto nd a way to estimate the right
parameters. Another is to train many madinesead with di erent parameters,and
then nd a way to conbine the madines. Finally, it is generallynot clear whether
an ensenble of many macineswould perform better than a single madine.

Chapter 4 studies enserbles of generalkernel macines (1.1) for the problem of
classi cation. It considerghe generalcasewhereead of the madinesin the ensenble
usesa di erent kernel. Let T be the number of madines,and let K ® be the kernel
used by madine t. Notice that, as a special case,appropriate choicesof K ¥ lead
to madines that may have di erent features. Let f (V(x) be the optimal solution
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of madiine t. Chapter 4 considersensembles that are linear combinations of the
individual madines,that is, the \overall" madine F (x) is of the form:

X
Fx)=  f0x) (1.7)

t=1
Two typesof ensembles are considered:

1. Voting Combination of Classi ers (VCC): this is the casewherethe coe cien ts
¢ in 1.7 arenot learned(i.e. = 2).

2. Adaptive Combinations of Classi ers (ACC): these are ensembles of the form
(1.7) with the coe cients  alsolearned(adapted) from the training data.

The chapter theoretically studiesthe statistical properties of VCC, and experimen-
tally characterizesboth VCC and ACC. In particular, chapter 4:

Shavs newtheoretical boundson the expectederror of VCC for kernelmadines
- voting combinations of SVMs are consideredas a special case.

Preserts experimerts validating the theoretical ndings.

Experimertally characterizesboth VCC and ACC, and comparesthem with
singlemadinesin the caseof SVM.

Representations for learning: an application to object detec-
tion

An important issuethat ariseswhenkernelmadinesare usedis that of the choice
of the kernel and the data represeration. In fact the two issuesare closelyrelated,
sincea kernele ectively de nes a feature spacewherethe data aremappedto [Wahba,
1990, Vapnik, 1999. Finding appropriate kernelsand data represetations is very
much problem speci c. Chapter 5 studiesthis issuein the particular caseof object
detectionin images.

The trainable systemfor object detection usedin chapter 5 is basedon [Papa-
georgiouet al., 19981 and can be usedto learn any classof objects. The overall
framework hasbeenmotivated and successfullyapplied in the past [Papageorgiouet
al., 1998H. The systemconsistsof three parts:

A set of (positive) exampleimagesof the object classconsidered(i.e. images
of frontal faces)and a set of negative examples(i.e. any non-faceimage) are
collected.

The imagesare transformed into vectorsin a chosenrepresetation (i.e. in a
simple casethis can be a vector of the sizeof the imagewith the valuesat eah
pixel location).

The vectors (examples)are usedto train a SVM classi er to learn the classi -
cation task of separatingpositive from negative examples.
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Two choicesneedto be made: the represetation in the secondstage,and the ker-
nel of the SVM in the third stage. Thesearethe main issuesaddressecdexperimertally
in chapter 5. The object detection systemis trained with di erent represetations:
in the simplest casethe pixel valuesof the imagesare used,while in a di erent case
featuresand kernelsextracted from probabilistic modelsdescribingthe classof images
considered(i.e. imagesof faces)are used. The chapter also addresseghe following
guestions:canfeature selectionimprove performanceof the SVM classi er? can SVM
perform well even when many (possiblyirrelevant) featuresare used? Basedon the
experimertal ndings and the theoretical results of the thesis, chapter 5 discussesa
number of topics and suggestconjecturesregardingrepresetations and learning.

1.3.1 Contributions of the thesis

To summarize,the thesiswill consistof three main parts. First (chapter 2) the ba-
sic theoretical tools are reviewed: standard Statistical Learning Theory (SLT) and
a technical extensionof it. Within the extendedSLT a theoretical justi cation and
statistical analysisof kernel learning madines, including Support Vector Machines
(SVM) and Regularization Networks (RN), is provided (chapter 3). In the second
part other learning architectures, namely enserbles of learning macdines, are inves-
tigated (chapter 4). Finally an application to object detection provides a testbed
to discussimportant practical issuesinvolved in using learning macines, in partic-
ular the problem of nding appropriate data represetations (chapter 5). The main
cortributions of the thesiscan be summarizedas follows:

1. The thesisreviewsstandard Statistical Learning Theory and dewelopsan exten-
sionwithin which a new (uni ed) theoretical justi cation of a number of kernel
madines,including RN and SVM, is provided.

2. Within the extendedSLT framework, new boundson the expectederror (per-
formance) of a large classof kernel machines and particularly SVM, the main
learning madiines consideredin the thesis, are proven.

3. In the secondpart enserbles of macinesare studied. Two typesof ensenbles
are de ned: voting combinations, and adaptive combinations. New theoretical
results on the statistical properties of voting enserbles of kernel madines for
classi cation are shown.

4. The new theoretical ndings on voting enserbles of machines are experimen-
tally validated. Both voting and adaptive combinations of machinesare further
characterizedexperimertally.

5. The third part discussesomeimportant practical issuesparticularly the prob-
lem of nding appropriate data represetations for learning. A trainable system
for object detectionin imagesprovidesthe main experimertal setupwhereideas
are tested and discussed.
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Chapter 2

Statistical Learning Theory

2.1 A Mathematical form ulation of learning

We considerthe caseof learning from examplesas de ned in the statistical learning
theory framework [Vapnik, 1982, Vapnik, 1995, Vapnik, 1994. We have two sets of
variablesx 2 X  R%andy 2 Y R that arerelated by a probabilistic relationship.
We sa that the relationship is probabilistic becausegenerallyan elememn of X does
not determineuniquely an elemen of Y, but rather a probability distribution onY.
This can be formalized assumingthat a probability distribution P(x;y) is de ned
over the set X Y. The probability distribution P(x;y) is unknown, and under
very generalconditions can be written asP (x;y) = P(x)P(yjx) whereP(yjx) is the
conditional probability of y given x, and P(x) is the marginal probability of x. We
are provided with examplesof this probabilistic relationship, that is with a data set
D-  f(xi;yi) 2 X Yg._, calledthe training data, obtained by sampling" times
the set X Y accordingto P(Xx;y). The problem of learning consistsin, given the
data setD-, providing an estimator, that is a functionf : X ! Y, that canbe used,
given any valueof x 2 X, to predict a valueyy.

In statistical learning theory, the standard way to solve the learning problem
consistsin de ning a risk functional, which measuresthe averageamourt of error
asseiated with an estimator, and then to look for the estimator, amongthe allowed
ones,with the lowestrisk. If V(y;f (x)) is the lossfunction measuringthe error we
make whenwe predict y by f (x), then the averageerror is the so called expected risk:

z

", VT )P (x;y) dxdy (2.1)

We assumethat the expectedrisk is de ned on a\large" classof functions F and we
will denoteby fq the function which minimizesthe expectedrisk in F:

fo(x) = arngin [[f] (2.2)
The function fq is our ideal estimator, and it is often called the target function.

2.1.1 The Empirical Risk Minimization learning principle

Unfortunately the target function cannotbe foundin practice, becausehe probability
distribution P(x;y) that de nes the expectedrisk is unknown, and only a sampleof
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it, the data setD-, is available. To overcomethis shortcomingwe needan induction
principle that we canuseto \learn" from the limited number of training data we have.
Statistical learning theory as deweloped by Vapnik builds on the so-calledempirical
risk minimization (ERM) induction principle. The ERM method consistsin using
the data set D- to build a stochastic appraximation of the expected risk, which is
usually called the empirical risk, and is de ned as:
1X
lemplf ;1= < V(yi:f (xi)): (2.3)
i=1
The certral questionis whetherthe expectedrisk of the minimizer of the empirical
risk in F is closeto the expectedrisk of f . Notice that the questionis not necessarily
whetherwe can nd f, but whetherwe can\imitate" fg in the sensehat the expected
risk of our solution is closeto that of f 5. Formally the questionis nding underwhich
conditions the method of ERM satis es:

im Lenlf; 1= Jim 111 = 1 [fl 24)

in probability (all statemeris are probabilistic since we start with P(x;y) on the
data), wherewe note with f* the minimizer of the empirical risk (2.3) in F.

It canbeenshown (seefor example[Vapnik, 1998) that in orderfor the limits in eq.
(2.4) to hold true in probability, or more precisely for the empirical risk minimization
principle to be non-trivially consistent (see [Vapnik, 1999 for a discussionabout
consistencyversusnon-trivial consistency)the following uniform law of largenumkbers
(which \translates" to one-sidel uniform convegene in prokability of empirical risk
to expectedrisk in F) is a necessaryand su cient condition:

( )
lim P fszqu(I[f] lemplf;’)> =08 >0 (2.5)

Intuitiv ely, if F is very \large" then we canalways nd f* 2 F with 0 empirical error.
This however does not guarartee that the expected risk of f* is also closeto 0, or
closeto I [f ).
Typically in the literature the two-sidel uniform convelgene in proability:
( )
lim P supjl[f] lemplf;’J> =028 >0 (2.6)
! f2F

is considered,which clearly implies (2.5). We focus on the stronger two-sided case
and note that one can get one-sideduniform convergencewith someminor technical
changesto the theory. We will not discussthe technical issuesinvolved in the rela-
tions between consistency non-trivial consistency two-sidedand one-sideduniform
convergence(a discussioncan be found in [Vapnik, 1994), and from now on we con-
certrate on the two-sideduniform corvergencein probability, which we simply refer
to asuniform convemgene.

The theory of uniform corvergenceof ERM has beendeweloped in [Vapnik and
Cherwonenkis,1971,Vapnik and Chervonenkis,1981,Vapnik and Chervonenkis,1991,
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Vapnik, 1982, Vapnik, 1994. It has also been studied in the corntext of empirical
processeqdDudley, 1984, Pollard, 1984,Dudley et al., 1991. Here we summarizethe
main results of the theory. Beforedoing so, we prese someearly results on uniform
convergencefor a particular case,that of density estimation.

2.1.2 Uniform convergence for density estimation:
Gliv enko-Cantelli and Kolmogoro v

Uniform corvergencehasbeenstudiedby Glivenko, Cartelli, and Kolmogorov [Glivenko,
1933, Cartelli, 1933,Kolmogorov, 1933 in a particular caseof hypothesisspacesF
consideredfor the problem of density estimation.

Let X be a l1l-dimensionalrandom variable (the results can be generalizedto
mary dimensions),and considerthe problemof estimating the probability distribution
function of X :

F(x)=P (X <Xx)

from a set of random independen samples
X1; X2, 1 X0

obtainedin accordancewith F(x). Notice that the distribution function F(x) canbe
written as Z,

F)= (x )p()d

where p( ) is the probability density of r.v. X accordingto which the examples
X1; X2; 1 X are drawn.
Following the generallearning method outlined above, we considerthe empirical

distribution function i
. 1X
Femp(X; ) = < (X Xi)
i=1
with  being the Heaviside function. Figure 2-1 shows the true and empirical prob-
ability distribution functions. As in the generalcaseoutlined above, we posethe

following question:
How di er ent is the empirical distribution from the true one?

This question can be ansvered in the framework outlined above by rede ning the
density estimation problem as follows. Consider the set of functions (hypothesis
space):

F=ff )= ( x); 2(1 ;1)g

and de ne the lossfunction V to be simply V(y;f (x)) = f (xX) = ( X) (notice
that there is no y in this special case). With this de nition, the empirical error
lemp[f ;] and the expectederror | [f ] consideredabove becomethe empirical and
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Figure 2-1: The empirical distribution and the true distribution function.

true distribution functions Femp( ;) and F( ), respectively. Uniform corvergence
(2.5) can now be rewritten as:

( ) ( )
lIim P osupjl[f] lemplf;li> =1lmP  sup jF() Femp( ;)i>
1 f 2F 1 2(1 1)
(2.7)
It turns out that for the particular hypothesisspaceand lossfunction constructed
here, the limit of (2.7) is O for every > 0, namely uniform corvergencetakesplace.

In particular the following theorems,shavn within a few months di erence in 1933,
hold:

Theorem 2.1.1 (Glivenko-Canteli, 1933) The convelgene

lim P sup jF() Femp( :)j =0
! 2(1 1)

takesplac.

Theorem 2.1.2 (Kolmogorov-SmirnovDistribution) The rate of conveilgene of the

empirical to the true distribution function follows the following law:
!

. P . . 3
lim P sup JF() Femp( ;)j< =1 2 ( L*'‘e 222
1 2(1 1) k=1

We do not shaw the proof of thesetheoremshere, but we only show part of the
proof of theorem2.1.2. Theorem2.1.2is basedon the following simple obsenation:

Lemma 2.1.1 (Kolmogorov, 1933) The probkability function

p- ) .
Pf sup jF( ) Femp( ;)i< @
2(1 ;1)

is independentof the distribution function F (x) on condition the latter is continuous.
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Figure 2-2: The indicator functions consideredfor the problem of density estimation
have the simple\shapes" of orthants shovn on the left, while in the generalcasecon-
sideredin statistical learning theory the shape and number of the indicator functions
can be arbitrary as sdematically indicated on the right. Top is a 1-d example,and
bottom a 2-d one (bottom left is a 2-d density estimation problem).

Pro of. Let X be arandom variable with cortinuousdistribution function F(x). For
the randomvariable Y = F(x) correspndsthe distribution function F °(y) sud that:

F'lyy=0 y 0 (2.8)
Folyy=y 0 y 1 (2.9)
Folyy=0 y 1 (2.10)

Given empirical distribution functions Femp(X; ") and Feomp(y; ") for X and Y after
obsenations, the following hold

Femp(X;")  F(X) = FanplF(x);" 1 FO[F(X)] = Fanp(y;™)  F(y))
) SUpjFemp(x;") F(X)j=sgpiFé’mp(y;‘) FO(y)i:

Sothe probability function prT sup jFemp( ;) F( )j< gforany cortinuous
distribution function is idertical to that whenthe true distribution is the uniform one
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FO(x).

Using this trick of transforming all distributions to uniform ones, Kolmogoros
proved theorem 2.1.2in a short paper in 1933 ([Kolmogorov, 19393 - seetranslation
[Kolmogorov, 19929).

Before discussinguniform corvergencefor generalsets of functions (hypothesis
spaces),it is worth providing someintuition about the relation betweenthe density
estimation caseconsideredn this sectionand the generalcaseof the previousand next
sections.In the caseof density estimation the setof functions consideredare indicator
function (take valuesO or 1) that have particular shapes: the functions take the value
1 inside an orthant (for examplein the 1-d casethis is the spacex < { see gure
2-2 alsofor a 2-d example),and the value 0 outside. Uniform corvergencen this case
meansthat asthe number of examplesincreasesthe empirical number of points that
\fall within an orthant” approad the expectedone for all orthants simultaneously.
In the generalcaseconsideredin statistical learning theory, the indicator functions
do not necessarilyhave the simple shape of an orthant (see gure 2-2). In this case
uniform corvergencemplies that asthe number of examplesincreasesthe empirical
number of points that \fall within a function (shape)" approahesthe expectedone
simultaneously for all indicator functions in the hypothesisspace.

Although, asshowvn by Glivenko, Cantelli, and Kolmogorov, uniform corvergence
takesplacesfor indicator functions correspnding to orthants, it doesnot necessarily
take placefor any spaceof indicator functions. Statistical learningtheory providesthe
conditions under which uniform corvergencetakesplacefor a set (hypothesisspace)
of indicator functions: the conditions are givenin terms of quartities that character-
ize hypothesisspacesnamely VC-ertropy, growth function, and VC-dimensionof a
hypothesisspace(seebelon). In the more generalcase real-valuedfunctions (instead
of indicator ones)are alsoconsidered.From this point of view, statistical learningthe-
ory, aswe outline below, is a generalizationof the Glivenko-Cartelli and Kolmogoros
theoremsthat hold only for the particular caseof indicator functions correspnding
to orthants. We now turn to discussthe generalcaseof uniform corvergencein the
framework of statistical learning theory.

2.1.3 Uniform convergence for supervised learning

Vapnik and Chervonenkis[Vapnik and Chervonenkis,1971,Vapnik and Chervonenkis,
1981 studied under what conditions uniform corvergenceof the empirical risk to
expected risk takes place. The results are formulated in terms of three important
guartities that measurethe complexity of a set of functions: the VC entropy, the
annalad VC entropy, and the growth function. We beginwith the de nitions of these
guartities. First we de ne the minimal -net of a set, which intuitiv ely measureghe
\cardinality" of a setat \resolution”

De nition 2.1.1 Let A be a setin a metric space A with distanee metric d. For a
xed > 0,thesetB A iscalled an -netof A in A, if for any point a2 A there
is a point b2 B suchthat d(a;b) < . We saythat the setB is a minimal -net of A
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in A, if it is nite and contains the minimal numker of elements.

Given a training setD- = f(x;;y;) 2 X  Yg._;, considerthe set of “-dimensional
vectors:

q(f) = (V(yn f (x1)); 5 V(y5f(x)) (2.11)
with f 2 F, and de ne the number of elemeits of the minimal -net of this setunder
the metric:

d(o(f ); a(f 9) = maxjV(yiif (<)) V(yiif (i)

to be NF( ;D-) (which clearly depends both on F and on the loss function V).
Intuitiv ely this quartity measureshow many di erent functions e ectively we have
at \resolution” , when we only care about the valuesof the functions at points in
D-. Usingthis quartity we now give the following de nitions:

De nition 2.1.2 Givena setX Y and a prokability P(x;y) de ned over it, the
VC entropy of a setof functions V(y; f (x)), f 2 F, on a data setof size" is de ned

as: 7

HE () INNF(:D) Y P (xi;y;)dx;dy;

X3y i=1

De nition 2.1.3 Givena setX Y and a prokability P(x;y) de ned over it, the
annealad VC entropy of a set of functions V(y;f (x)), f 2 F, on a data set of size"
is de ned as:

z %
Hgnn( ;\) In Xy NF( ;D‘) _ P(Xi;yi)dxidyi

i=1

De nition 2.1.4 Given a set X Y, the growth function of a set of functions

V(y;f (x)), f 2 F, on a data setof size" is de ned as:
|

G'(:) I sup  NF(:D)
D-2(X Y)

Notice that all three quartities are functions of the number of data °~ and of

and that clearly:
HE(5Y)  Han(:)  GT(5):

Thesede nitions can easily be extendedin the caseof indicator functions, i.e. func-
tions taking binary values sud asf 1;1g, in which casethe three quartities do not
dependon for < 1, sincethe vectors(2.11)areall at the verticesof the hypercube
f0;1g .

Using these de nitions we can now state three important results of statistical
learning theory [Vapnik, 1994:

In the caseof indicator functions, y is binary, and V is 0 for f (x) = y, 1 otherwise.
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For a given probability distribution P (X;y):
1. The necessaryand su cient condition for uniform corvergenceis that

Fr .o
lim H G850

2. A sucient condition for fast asymptoticrate of conveigen? is that

. HE (0
‘I.'lm M=O 8 >0

It is an open questionwhether this is alsoa necessarycondition.

A su cient condition for distribution independent(that is, for any P (x;y)) fast
rate of corvergenceis that

Fr .o
J'ilmG(")=08>o

For indicator functions this is alsoa necessarycondition.

Accordingto statistical learningtheory, thesethree quartities arewhat oneshould
considerwhen designingand analyzing learning madines: the VC-ertropy and the
annealedVC-ertropy for an analysiswhich dependson the probability distribution
P (x;y) of the data, and the growth function for a distribution independentanalysis.
We consideronly distribution independentresults, although the reader should keep
in mind that distribution dependen results are likely to be important in the future.

Unfortunately the growth function of a set of functions is di cult to computein
practice. Sothe standard approad in statistical learning theory is to usean upper
bound on the growth function which is given using another important quartity, the
VC-dimension which is another (looser) measureof the complexity, capacity, of a set
of functions. We concetrate on this quartity, but it is important that the reader
keepsin mind that the VC-dimensionis in a sensea \w eak" measureof complexity of
a setof functions, soit typically leadsto looseupper boundson the growth function:
in generaloneis better o, theoretically, usingdirectly the growth function. We now
discussthe VC-dimensionand its implications for learning.

The VC-dimensionwas rst de ned for the caseof indicator functions and then
was extendedto real valued functions.

De nition 2.1.5 The VC-dimensionof a setf (f (x));f 2 Fg, of indicator func-

in all the 2V possibleways, we will say that the VC-dimensionof the setis in nite.

2This meansthat for any * > "o we havethat Pfsup o jI[f] lemplf;']i> g<e © * for some
constart ¢ > 0. Intuitiv ely, fast rate is typically neededin practice.
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The remarkable property of this quartity is that, although aswe mertioned the
VC-dimensiononly provides an upper bound to the growth function, in the caseof
indicator functions, niteness of the VC-dimensionis a necessary and sucien t
condition for uniform convegene (eq. (2.6)) indep endent of the underlying distri-
bution P (x;y).

Denition 2.1.6 LetA V(y;f(x)) B,f 2 F, with AandB < 1. The VC-
dimension of the setfV (y;f (x)); f 2 Fg is de ned as the VC-dimension of the set
of indicator functionsf (V(y;f (x)) ); 2 (A;B)g:

Sometimeswe refer to the VC-dimensionof fV (y;f (x)); f 2 Fg asthe VC di-
mensionof V in F . It canbe easilyshovn that fory 2 f 1;+1gandfor V (y;f (x)) =
( yf (x)) asthe lossfunction, the VC dimensionof V in F computedusingde nition
2.1.6is equalto the V C dimensionof the set of indicator functionsf (f (x)); f 2 Fg
computedusing de nition 2.1.5. In the caseof real valuedfunctions, niteness of the
VC-dimensionis only su cient for uniform corvergence.Later in this chapter we will
discussa measureof capacity that provides also necessaryconditions.
An important outcomeof the work of Vapnik and Chervonenkisis that the uniform
deviation between empirical risk and expected risk in a hypothesis spacecan be
boundedin terms of the VC-dimension,as shavn in the following theorem:

Theorem 2.1.3 (Vapnik and Chervonenkis1l971) LetA V(y;f(x)) B,f 2 F,
F be a set of boundal functions and h the VC-dimensionof V in F. Then, with
prokability at least 1 , the following inequality holds simultaneously for all the
elementsf of F:

S

el B A) NS NG)

S <
] el 1+ @A) NS NG)

(2.12)

The quartity jI[f] lemp[f ;]j is often called estimation error, and boundsof the
type above are usually called VC bounds’. From eq. (2.12) it is easyto seethat with
probability at least 1

1 2@ A MNE NG g e Ay M NG

(2.13)

wheref" is, asin (2.4), the minimizer of the empirical risk in F .

A very interesting feature of inequalities (2.12) and (2.13) is that they are non-
asymptotic, meaningthat they hold for any nite number of data points °, and that
the error boundsdo not necessarilydepend on the dimensionality of the variable x.

Obsenethat theorem(2.1.3) and inequality (2.13) are meaningfulin practice only
if the VC-dimensionof the lossfunction V in F is nite and lessthan ~. Sincethe

31t is important to note that bounds on the expected risk using the annealedVC-ertropy also
exist. Theseare tighter than the VC-dimension ones.
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spaceF wherethe lossfunction V is de ned is usually very large (i.e. all functions
in L,), onetypically considerssmallerhypothesisspacesH. The costassaiated with
restricting the spaceis called the approximation error (seebelow). In the literature,
spaceF whereV is de ned is called the target space, while H is what is called
the hypothesisspace. Of course,all the de nitions and analysisabove still hold for
H, wherewe replacef, with the minimizer of the expectedrisk in H, f* is now the
minimizer of the empiricalrisk in H, and h the VC-dimensionof the lossfunction V in
H. Inequalities (2.12) and (2.13) suggesta method for achieving good generalization:
not only minimize the empirical risk, but instead minimize a conbination of the
empirical risk and the complexity of the hypothesisspace. This obsenation leads
us to the method of Structural Risk Minimization that we descrile belov. Before
doing so, we rst presen a technical extensionof the standard SLT of Vapnik that
will provide the basisfor dewelopinga uni ed justi cation of the kernel madinesin
chapter 3.

-uniform convergence and the V dimension

As mertioned above niteness of the VC-dimensionis not a necessarycondition for
uniform cornvergencdn the caseof real valuedfunctions. To get a necessarygondition
we needa slight extensionof the VC-dimensionthat has been deweloped (among
others)in [Kearnsand Shapire,1994,Alon et al., 1993, known asthe V {dimensior.
Here we summarizethe main results of that theory that we will alsouselater on to
designregressionmacdines for which we will have distribution independen uniform
corvergence.

De nition 2.1.7 LetA V(y;f(x)) B,f 2 F,withAandB < 1. TheV -
dimensionof V in F (of thesetfV(y;f(x)); f 2 Fg) is de ned asthe the maximum
numler h of vectors (X1;y1) :::; (Xnh; Yn) that can be serated into two classesn all
2" possiblewaysusing rules:

classlif: V(y;;f(x;) s+
classOif: V(y;;f(xi)) s

for f 2 F andsomes 0. If, for any numlker N, it is possibleto nd N points
(X1;¥1) 115 (Xn; Yn) that can be semrated in all the 2N possibleways, we will saythat
the V -dimensionof V in F is in nite.

Notice that for = 0 this de nition becomeghe sameasde nition 2.1.6for VC-
dimension. Intuitiv ely, for > 0 the \rule" for separatingpoints is more restrictive
than the rule in the case = 0. It requiresthat there is a \margin" betweenthe
points: points for which V (y;f (x)) is betweens+ ands are not classi ed. As
a consequencethe V dimensionis a decreasingfunction of and in particular is
smallerthan the VC-dimension.

4In the literature, other quantities, sud as the fat-shattering dimension and the P dimension,
are also de ned. They are closely related to ead other, and are essetially equivalent to the V
dimension for our purpose. The reader can refer to [Alon et al., 1993, Bartlett et al., 1994 for an
in-depth discussionon this topic.
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If V isanindicator function, say ( yf (x)), thenforany de nition 2.1.7reduces
to that of the VC-dimensionof a set of indicator functions.

Generalizingslightly the de nition of eq. (2.6) we will say that for a given > 0
the ERM method corverges -uniformly in F in probability, (or that thereis -uniform
convergence)if:

( )
Iim P supjlemplf;’] [I[f]j> =0 (2.14)
1 f 2F

Notice that if eq. (2.14) holds for every > 0 we have uniform corvergence(eg.
(2.6)). It can be shavn (variation of [Vapnik, 1998) that -uniform corvergencein
probability implies that:

1] 1[fo] + 2 (2.15)

in probability, where,asbefore,f* is the minimizer of the empirical risk and f  is the
minimizer of the expected expectedrisk in F °.
The basictheoremsfor the V -dimensionare the following:

Theorem 2.1.4 (Alonetal., 1993) LetA V(y;f(x))) B,f 2 F,F beasetof
boundeal functions. For any > O, if theV dimensionof V in F is nite for =

for someconstant 4—18, then the ERM methal -convegesin prolability.

Theorem 2.1.5 (Alonetal., 1993) LetA V(y;f(x)) B,f 2 F,F beaset
of boundal functions. The ERM methal uniformly convelges(in prokability) if and
only if the V dimensionof V in F is nite for every > 0. So niteness of the
V dimensionfor every > 0is a necessaryand su cient condition for distribution
independentuniform convegene of the ERM methal for real-valuel functions.

Theorem 2.1.6 (Alonetal. , 1993) LetA V(y;f(x)) B,f 2 F, F beaset

of boundel functions. For any 0, for all ~ 2 we havethat if h is the V
dimensionof V in F for = ( 4—18), h nite, then:
( )
P fszquJ'lemp[f;‘] L[f]i > G(; 5 h); (2.16)

wheee G is an increasing function of h and a decreasing function of and °, with
G! Oas'! 1 &

From this theoremwe can easily seethat for any > 0,forall~ Z:

Pnl[f“] |[f0]+20 1 26(;h); (2.17)

wheref” is, asbefore,the minimizer of the empirical risk in F. An important obser-
vations to keepin mind is that theorem 2.1.6 requiresthe V dimensionof the loss

5This is like -learnability in the PAC model [Valiant, 1984.
5Closed forms of G can be derived (seefor example [Alon et al., 1993) but we do not preser
them here for simplicity of notation.
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function V in F. In the caseof classi cation, this implies that if we want to derive
boundson the expectedmisclassi cation we have to usethe V dimensionof the loss
function ( yf (x)) (which isthe VC dimension of the set of indicator functions
fsgn(f (x));f 2 Fg), and not the V dimensionof the setF. It will beimportant to
keepthis obsenation in mind when studying classi cation madinesin chapter 3.

2.2 The Structural Risk Minimization learning prin-
ciple

The idea of SRM is to de ne a nestedsequenceof hypothesisspacesH; H;

g H,c) with n(") a non-decreasingnteger function of °, where eah hypothesis
spaceH; hasVC-dimension nite and larger than that of all previoussets,i.e. if h;
is the VC-dimensionof spaceH;, thenh; h, ::: hpyey. For exampleH; could
be the set of polynomials of degreei, or a set of splineswith i nodes,or somemore
complicated nonlinear parameterization. For eat elemem H; of the structure the
solution of the learning problemiis:

f’?;\ = argfrgm lemplf ;] (2.18)

Becauseof the way we de ne our structure it should be clear that the largeri is
the smallerthe empirical error of ﬁ is (sincewe have greater\ exibilit y" to t our
training data), but the larger the VC-dimensionpart (secondterm) of the right hand
sideof (2.12) is. Using sut a nestedsequencef more and more complexhypothesis
spacesthe SRM learning technique consistsof choosing the spaceH, () for which
the right hand side of inequality (2.12) is minimized. It canbe shovn [Vapnik, 1984
that for the chosensolution ', ¢): inequalities(2.12) and (2.13) hold with probability
atleast(l )" 1 n(") 7, wherewereplaceh with h, (-, fo with the minimizer
of the expectedrisk in H,, ¢y, namelyf, (), and f* with f}, (..

With an appropriate choiceof n(*)® it canbeshavnthatas™! 1 andn(’)! 1,
the expectedrisk of the solutign of the method approadiesin probability the minimum
of the expectedrisk in H = ~ 1, H;, namely | [f4]. Moreover, if the target function
fo belongsto the closureof H, then eq. (2.4) holds in probability (seefor example
[Vapnik, 1999).

Howeer, in practice " is nite (\small"), son(’) is small which meansthat H =
Si”:(i) H; is a small space.Thereforel [f ;] may be much larger than the expectedrisk
of our target function fq, sincef, may not be in H. The distance between | [f 4]
and | [f¢] is called the appraximation error and can be bounded using results from
appraximation theory. We do not discusstheseresults here and refer the readerto
[Lorentz, 1986,DeVore, 1994.

"We want (2.12) to hold simultaneously for all spacesH;, sincewe choosethe best f’};‘ .
8Various casesare discussedn [Devroye et al., 1994, i.e. n(’) = .
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2.2.1 Structural Risk Minimization using the V dimension

The theory of the V dimensionjusti es the \extended" SRM method we descrike
below. It is important to keepin mind that the method we descrilke is only of
theoretical interest and will only be usedlater asa theoretical motivation for RN and
SVM. It shouldbe clearthat all the de nitions and analysisabove still hold for any
hypothesisspaceH, wherewe replacef o with the minimizer of the expectedrisk in
H, f* is now the minimizer of the empirical risk in H, and h the VC-dimensionof the
lossfunction V in H.

Let ° be the number of training data. For a xed > 0 sud that ° 2z
let = 4—18 , and consider, as before, a nested sequenceof hypothesis spacesH ;
H, :::  Hne, ), where eah hypothesis spaceH; hasV -dimension nite and
larger than that of all previoussets,i.e. if h; is the V -dimensionof spaceH;, then
hy hy i hye . Foreah elemen H; of the structure considerthe solution of

the learning problemto be:
f’};\ = argfrgm lemplf ;] (2.19)

Becauseof the way we de ne our structure the largeri is the smallerthe empirical
error of ﬁ is (sincewe have more\ exibilit y" to t our training data), but the larger
the right hand side of inequality (2.16) is. Using sud a nestedsequencef more and
more complex hypothesis spaces this extended SRM learning technique consistsof
nding the structure elemem H,, (. ) for which the trade o betweenempirical error
and the right hand sideof (2.16) is optimal. One practical ideaisto nd numerically
for eat H; the \e ectiv " ; sothat the bound (2.16) is the samefor all H;, and then
chooseﬂ;\ for which the sum of the empirical risk and ; is minimized.

We conjecture that as™ ! 1 , for appropriate choiceof n("; ) with n("; )! 1
as ! 1, the expectedrisk of the solution of the method corvergeésin probability
to a valuelessthan 2 away from the minimum expectedrisk in H = 1, H;. Notice
that we describked an SRM method for a xed . If the V dimensionof H; is nite

for every > 0, we can further modify the extendedSRM method sothat ! O
as ! 1. We conjecture that if the target function f, belongsto the closure of
H, thenas ! 1, with appropriate choicesof , n(’; ) and n (*; ) the solution

of this SRM method can be proven (as before) to satisfy eq. (2.4) in probability.
Finding appropriate forms of , n("; ) and n ('; ) is an open theoretical problem
(which is mostly a technical matter). Again, asin the caseof \standard” SRM, in
practice " is nite soH = ,”:(1 )H; is a small spaceand the solution of this method
may have expected risk much larger that the expected risk of the target function.
Approximation theory can be usedto bound this di erence [Niyogi and Girosi, 1994.

The proposedmethod is di cult to implemert in practice sinceit is dicult to
decidethe optimal trade o betweenempirical error and the bound (2.16). If we had
constructive bounds on the deviation betweenthe empirical and the expected risk
like that of theorem2.1.3then we could have a practical way of choosingthe optimal
elemen of the structure. Unfortunately existingboundsofthat type [Alon etal., 1993,
Bartlett et al., 1994 are not tight. Sothe nal choiceof the elemenm of the structure
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may bedonein practice usingother techniquessud ascross-alidation [Wahba, 1994.

This \extended" structural risk minimization method with the theoremsoutlined
above will provide the basictools for theoretically justifying and analyzinga number
of kernel macines. This is the topic of the next chapter.
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Chapter 3

Learning with Kernel Mac hines

This chapter studiesa particular type of learning machines, namely kernel machines within
the SRM framework preserted in chapter 2. These are learning machines for which the
hypothesisspaceis a subspaceof a Reproducing Kernel Hilb ert Space(hencethe namekernel
madines). Two particular casesin this family of maciines are Regularization Networks
(RN) and Support Vector Machines (SVM). The chapter discussegjeneralkernel machines,
and, basedon the theory preseried in chapter 2, presens a theoretical justi cation and
statistical analysis particularly of RN and SVM. A large part of this chapter can be found
in [Evgeniou et al., 1999.

3.1 Setup of kernel machines

Following the mathematicalformulation of learning consideredn Statistical Learning
Theory, two are the key choicesto be madewhen designinga learning macdine:

1. Choosethe lossfunction V.
2. Choosethe set of possiblefunctions { hypothesisspace.

This chapter considershypothesisspaceghat are subsetsof a Reproducing Kernel
Hilbert Space(RKHS) H de ned by a kernelK (seebelow for an overview of RKHS).
Within the RKHS H, we perform structural risk minimization by rst de ning a
structure of hypothesisspaces.

The basicideais to de ne a structure in terms of a nestedsequencef hypothesis
spacesH; H, :::  Hye) with Hy, beingthe setof functionsf in the RKHS H
with:

kf k2 AZ; (3.1)

wherekf k2 is a normin H de ned by the positive de nite function K (seebelaw),
and A, is a monotonically increasingsequenceof positive constars. Following the
SRM method outlined in chapter 2, for each m we solve the following constrained
minimization problem:

. 1X ¢
min < V(yi; T (xi))

kf ki A2 (3.2)
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Machinesof the form (3.2) are called kernel machines Learning using kernel ma-
chinesof the form (3.2) leadsto usingthe Lagrangemultiplier ., andto minimizing

1X
SOVafx) + mkfkg AR
i=1
with respectto f 2 H and maximizing with respectto , O for ead elemen of
the structure. As discussedn chapter 2, we can then choosethe optimal n () and
the asseiated (*), and get the optimal solution f}, )
The solution we get using this method is clearly the sameasthe solution of:

11X .
min < V(yi;f(x) +  ()kfkg (3.3)
f2H .
where (") is the optimal Lagrangemultiplier correspndingto the optimal elemen
of the structure A, (). We alsode ne kernelmachinesto be madinesof the general
form: i
11X
min =  V(yi;f(xi) + kfkZ (3.4)
f2H i=1
We discussmore formally the relations betweenmadines(3.2) and (3.4) at the end
of the chapter, and for the momert we call kernel machinesto be either of the two
formulations. Furthermore, it turns out that the solution of the kernelmadines(3.4)

for any di erentiable lossfunction V (this is the casefor the lossfunctions considered
in this thesis) has always the sameform, that is:

F = 6K (Gx); (3.5)
i=1

with the coe cien ts ¢ found by solvingthe minimization problem(3.4) [Girosi, 1999.
Often the term kernel madineswill refer alsoto macdinesof the form (3.5).

(y-f(x)) 2 ly-f(X)] ¢ |11-yf(X)]..
(y-f(x)) -e e (y-f(x)) 1 yf(x)

Figure 3-1: The three loss functions considered: L, for RN (left), L for SVMR
(middle), and soft margin for SVMC (right).

Notice that the choiceof the lossfunction V leadsto a family of learningmadines.

In particular it leadsto classicalL , RegularizationNetworks, to SVM regressionand
to SVM classi cation, for the following speci ¢ choicesof the lossfunction V:
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V(y;f(x)) = (y f(x))? for Regularization Networks.
V(y;f(x)) =jy f(x)] for SVM regression.
V(y;f(x)) =j1 vyf(x)j+ for SVM classi cation.

wherej j is Vapnik's -insensitive lossfunction L [Vapnik, 1999 with jxj = jX;

for jxj and 0 otherwise,while j j. is the soft margin lossfunction [Vapnik, 1998,
Cortes and Vapnik, 1999 with jxj. = x for x 0 and O otherwise. These loss
functions are shavn in gure 3-1. For SVM classi cation the lossfunctions:

V(y;f(x)) = (1 yf(x)) (hard margin lossfunction), and

V(y;f (x)) = ( yf(x)) (misclassi cation lossfunction)

will alsobe discussed.Theseparticular kernelmadinesare reviewed in this chapter.
First an overview of RKHS, which are the hypothesisspacesonsideredn the thesis,
is preseted.

3.1.1 Reproducing Kernel Hilb ert Spaces: a brief overview

A Reproducing Kernel Hilbert Space(RKHS) [Aronszgn, 1950 is a Hilbert spaceH
of functions de ned over someboundeddomain X  RY with the property that, for
eath x 2 X, the evaluation functionals F, de ned as

Fi[f]=f(x) 8f 2H
are linear, bounded functionals. The boundednessneansthat there existsa U =
Uy 2 R* sud that:

IFx[f]li =it ()i Uiifj
for all f in the RKHS.

It canbe proved [Wahba, 1990 that to every RKHS H there correspndsa unique

positive de nite function K (x;y) of two variablesin X, calledthe reproducingkernel
of H (hencethe terminology RKHS), that hasthe following reproducing property:

f(x)=<f(y);K(y;x)>y 8f 2 H; (3.6)
where< ; >y denotesthe scalarproductin H. The function K behasesin H asthe
delta function doesin L ,, although L, is not a RKHS (the functionals F, are clearly
not bounded).

To make things clearerwe sketch a way to constructa RKHS, which is relevant to
this thesis. The mathematical details (such asthe convergenceor not of certain series)
can be found in the theory of integral equations [Hochstadt, 1973, Cochran, 1972,
Courart and Hilbert, 1962.

Let us assumethat we have a sequenceof positive numbers |, and linearly in-
dependert functions ,(x) sud that they de ne a function K (x;y) in the following
way 1:

11When working with complex functions |, (x) this formula should be replaced with K (x;y)
n=o n n(X) n(y)
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*
K(X;y) n n(X) n(y); (3.7)
n=0
wherethe seriesis well de ned (for exampleit corvergesuniformly). A simple calcu-
lation shaws that the function K de ned in eq. (3.7) is positive de nite. Let us now
take asour Hilbert spaceto be the set of functions of the form:

*
f(x)= an n(X) (3.8)
n=0
for any a, 2 R, and de ne the scalarproduct in our spaceto be:
* * d
<7 a0 dh a0 > (3.9)
n=0 n=0 n=0 n

Assumingthat all the evaluation functionals are bounded, it is now easyto ched
that sud an Hilbert spaceis a RKHS with reproducing kernel given by K (x;y). In
fact we have:

* 3
<) K(y:x) sz G ()

n=0 n n=0

an n(x) = f(x); (3.10)

henceequation (3.6) is satis ed.

Notice that whenwe have a nite number of ,, the , canbe arbitrary ( nite)
numbers, sincecorvergenceis ensured.In particular they can all be equalto one.

Generally it is easyto shav [Wahba, 1994 that wheneer a function K of the form
(3.7) is available, it is possibleto construct a RKHS asshavn above. Vice versa,for
any RKHS thereis a uniquekernelK and correspnding ., ,, that satisfy equation
(3.7) and for which equations (3.8), (3.9) and (3.10) hold for all functions in the
RKHS. Moreover, equation (3.9) shaws that the norm of the RKHS hasthe form:

2
kf k2 = *oa (3.11)

n=0 n
The , consista basisfor the RKHS (not necessarilyorthonormal), and the kernel
K is the \correlation" matrix assaiated with these basis functions. It is in fact
well known that there is a closerelation between Gaussianprocessesand RKHS
[Marroquin et al., 1987,Girosi et al., 1991,Poggioand Girosi, 1994. Wahba [Wahba,
1994 discussesn depth the relation betweenregularization, RKHS and correlation
functions of Gaussianprocesses.The choice of the , de nes a spaceof functions {

the functions that are spannedby the .

Wealsocall the spacef ( n(x))rl]:l ; X 2 X gthe feature space inducedby the kernel
K. The choiceofthe | de nesthe featurespacewherethe data x are\mapped". We
refer to the dimensionalily of the feature spaceas the dimensionality of the RKHS.
This is clearly equalto the number of basiselements ,, which doesnot necessarily
haveto bein nite. For example,with K a Gaussianthe dimensionality of the RKHS
isin nite ( ,(x) arethe Fourier componerts €" %), while whenK is a polynomial of
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degreek (K (x;y) = (L+ x y)¥), the dimensionaliy of the RKHS is nite, and all
the in nite sumsabove are replacedwith nite sums.

It is well known that expressionf the form (3.7) actually abound. In fact, it
follows from Mercer's theorem [Hochstadt, 1973 that any function K (x;y) which
is the kernel of a positive operator in L,() hasan expansionof the form (3.7), in
which the ; andthe ; arerespectively the orthogonaleigenfunctionsand the positive
eigervaluesof the operator correspndingto K . In [Stewart, 1974 it is reported that
the positivity of the operator asseiated to K is equivalert to the statemert that the
kernelK is positive de nite, that is the matrix K = K (xj;X;) is positive de nite for
all choicesof distinct points x; 2 X. Notice that a kernel K could have an expansion
of the form (3.7) in which the , are not necessarilyits eigenfunctions. The only
requiremen is that the , arelinearly independen but not necessarilyorthogonal.

In the casethat the spaceX has nite cardinality, the \functions" f areewaluated
only at a nite number of points x. If M is the cardinality of X, then the RKHS
becomesan M -dimensionalspacewherethe functionsf are basicallyM -dimensional
vectors, the kernel K becomesan M M matrix, and the condition that makesit
a valid kernelis that it is a symmetric positive de nite matrix (semi-de nite if M is
larger than the dimensionality of the RKHS). Positive de nite matricesare known to
be the oneswhich de ne dot products,i.e. fKfT 0for eweryf in the RKHS. The
spaceconsistsof all M -dimensionalvectorsf with nite normf KfT.

Summarizing,RKHS are Hilbert spacesvherethe dot product is de ned usinga
function K (x;y) which needsto be positive de nite just like in the casethat X has
nite cardinality. The elemeis of the RKHS are all functions f that have a nite
norm given by equation(3.11). Notice the equivalenceof a) choosinga speci ¢ RKHS
H b) choosinga setof ,, and |, c) choosinga reproducing kernel K. The last one
is the most natural for most applications.

Finally, it is usefulto notice that the solutions of the methods discussedn this
chapter can be written both in the form (3.5), and in the form (3.8). Often in the
literature formulation (3.5) is calledthe dualform of f , while (3.8) is calledthe primal
form of f .

3.2 Regularization Networks

In this sectionwe considerthe appraximation schemethat arisesfrom the minimiza-
tion of the quadratic functional
. 1X
minH[f]= < (v f (xi))2+ kfkZ (3.12)
i=1
for a xed . Formulations like equation (3.12) are a special form of regularization
theory deweloped by Tikhonov, Ivanov [Tikhonov and Arsenin, 1977, Ivanov, 1974
and othersto solwe ill-p osedproblemsand in particular to solve the problem of ap-
proximating the functional relation betweenx andy givena nite number of examples
D- = inJYig;=1-
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In classicalregularization the data term is an L, lossfunction for the empirical
risk, whereasthe secondterm { called stabilizer{ is usually written as a functional
( f) with certain properties [Tikhonov and Arsenin, 1977,Poggio and Girosi, 1989,
Girosi et al., 1999. Here we considera special classof stabilizers, that is the norm
kf k2 in a RKHS induced by a symmetric, positive de nite function K (x;y). This
choice allows us to dewlop a framework of regularization which includes most of
the usual regularization sdhemes. The only signi cant omissionin this treatment {
that we make here for simplicity { is the restriction on K to be symmetric positive
de nite sothat the stabilizeris a norm. Howe\er, the theory canbe extendedwithout
problemsto the casein which K is positive semide nite, in which casethe stabilizeris
a semi-norm[Wahba, 1990,Madych and Nelson,1990a,Dyn, 1991,Dyn et al., 1984.
This approadh was also sketched in [Smolaand Scelkopf, 1999.

The stabilizer in equation(3.12) e ectively constrainsf to bein the RKHS de ned
by K. It is possibleto shov (seefor example[Poggioand Girosi, 1989,Girosi et al.,
1999) that the function that minimizesthe functional (3.12) hasthe form:

"
f(x) = GK (X;Xi); (3.13)
i=1
wherethe coe cients ¢ depend on the data and satisfy the following linear system
of equations:

K+ 1)c=y (3.14)

wherel is the identity matrix, and we have de ned

Wi=yi: @©i=a; (K)j=K(Xi;x):
It is remarkable that the solution of the more generalcaseof

mnHI = 2 Ve o)+ KK (3.15)
i=1
where the function V is any di erentiable function, is quite similar: the solution
has exactly the samegeneralform of (3.13), though the coe cien ts cannot be found
anymore by solving a linear systemof equationsas in equation (3.14) [Girosi, 1991,
Girosi et al., 1991,Smolaand Sdelkopf, 1999. For a proof see[Girosi, 1999.

The appraximation sthemeof equation (3.13) hasa simpleinterpretation in terms
of a network with one layer of hidden units [Poggio and Girosi, 1992, Girosi et al.,
1994. Using di erent kernelswe get various RN's. A short list of examplesis given
in Table 1.

When the kernel K is positive semide nite, there is a subspaceof functions f
which have norm kf kZ equal to zero. They form the null spaceof the functional
kf k2 and in this casethe minimizer of (3.12) hasthe form [Wahba, 1990Q:

X X
f(x)=  cKXx)+ b (x); (3.16)

i=1 =1
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Kernel Function Regularization Network

K(x y)=exp(k x ykd) GaussianRBF

K(x y)=(kx yk+ ) 2 InverseMultiquadric

K(x y)=(kx yk®+?):? Multiquadric

K(x y)=kx yk" Thin plate splines

K(x y)=kx yk®In(kx yk)

K(x;y) =tanh(x y ) (only for somevaluesof )
Multi Layer Perceptron

K(x;y)= (1+x y)* Polynomial of degreed

K(X;y) = Ban+1 (X Y) B-splines

K(xy) = Sm(:’:f# Trigonometric polynomial of degreed

Table 3.1: Somepossiblekernel functions. The rst four are radial kernels. The
multiquadric and thin plate splines are positive semide nite and thus require an
extensionof the simple RKHS theory presened here. The last three kernelswere
proposed by Vapnik (Vapnik,1998), originally for SVM. The last two kernels are
one-dimensional: multidimensional kernels can be built by tensor products of one-
dimensionalones. The functions B, are piecewisepolynomials of degreen, whose
exactde nition can be found in (Schumaker,1981).

wheref g¢*_, is abasisin the null spaceof the stabilizer, which in most casess a set
of polynomials,and thereforewill be referredto asthe \p olynomial term” in equation
(3.16). The coe cients b and ¢ dependon the data. For the classicalregularization
caseof equation (3.12), the coe cien ts of equation (3.16) satisfy the following linear
system:

(K+ 1)+ Tb=y; (3.17)

c=0; (3.18)

wherel is the identity matrix, and we have de ned

¥)i=vi;: @©i=¢; (b)i=h;

(K)j = K(xisx;) ;5 () i = (i)
When the kernelis positive de nite, asin the caseof the Gaussian,the null spaceof
the stabilizer is empty. Howeer, it is often corvenien to rede ne the kerneland the
norm induced by it so that Epe induced RKHS cortains only zero-meanfunctions,

that is functions f;(x) s.t.  fi(x)dx = 0. In the caseof a radial kernel K, for
instance,this amourts to consideringa new kernel

KAx;y) = K(x;y) o
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without the zeroth order Fourier componert, and a norm
2 a2
Kfki,= = 0. (3.19)
n

The null spaceinduced by the new K °is the spaceof constart functions. Then the
minimizer of the correspnding functional (3.12) hasthe form:

x\
f(x)= GKYx:xi)+ b; (3.20)

i=1
with the coe cien ts satisfying equations(3.17) and (3.18), that respectively become:

(K% 1 )c+ 1b= (K o + I )c+1b= (K +(  o)l)c+ 1b=y: (3.21)

G=0 (3.22)

i=1
Equations (3.20) and (3.22) imply that the the minimizer of (3.12) is of the form:

f(x) = X GKYx;x;)) + b= X G (K (x;x%j) o)+ b= X cK(x;xi)+ b: (3.23)
i=1 i=1 i=1

Thus we can e ectively usea positive de nite K and the constart b, sincethe only
changein equation (3.21) just amourts to the useof a di erent . Choosingto usea
non-zerobe ectively meanschoosingadi erent featurespaceandadi erent stabilizer
from the usual caseof equation (3.12): the constart feature is not consideredin the
RKHS norm and thereforeis not \p enalized". This choiceis often quite reasonable,
sincein many regressionand, especially, classi cation problems,shifts by a constan
in f shouldnot be penalized.

In summary the argumer of this section shows that using a RN of the form
(3.23) (for a certain classof kernelsK)) is equihalert to minimizing functionals suc
as (3.12) or (3.15). The choice of K is equivalert to the choice of a correspnding
RKHS and leadsto various classicallearning techniqguessud as RBF networks. We
discussconnectionsbetweenregularization and other techniqueslater in this section.

Notice that in the framework we use here the kernelsK are not requiredto be
radial or ewen shift-invariant. Regularization techniques usedto solvwe supervised
learning problems [Poggio and Girosi, 1989, Girosi et al., 1995 were typically used
with shift invariant stabilizers(tensor product and additive stabilizersare exceptions,
see[Girosi et al., 1995). We now turn to sud kernels.

3.2.1 Examples of Regularization Networks
Radial Basis Functions

Let us considera special caseof the kernelK of the RKHS, which is the standard case
in se\eral papersand books on regularization [Wahba, 1990,Poggioand Girosi, 1990,
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Girosi et al., 1993: the casein which K is shift invariant, that isK (x;y) = K(x y)
and the even more special caseof a radial kernel K (x;y) = K(jjx vyjj). A radial
positive de nite K de nesa RKHS in which the "features" |, areFourier componerts
that is

R *® . .
K(X;y) n n(X) n(y) neI2 nxelzny: (3.24)

n=0 n=0

Thus any positive de nite radial kernel de nes a RKHS over [0; 1] with a scalar
product of the form:

* fn)g ().

n=0 n

<f;g>y (3.25)

wheref~is the Fourier transform of f. The RKHS becomessimply the subspaceof
L, ([0; 1]9) of the functions sud that

A jin)i®

n=1 n
Functionals of the form (3.26) are known to be smathnessfunctionals. In fact,

the rate of decreaseto zero of the Fourier transform of the kernel will cortrol the

smoothnessproperty of the function in the RKHS. For radial kernelsthe minimizer
of equation (3.12) becomes:

kf k2 = <+1: (3.26)

X
f(x)= cK(ix xj)+Db (3.27)
i=1
and the correspnding RN is a Radial Basis Function Network Thus Radial Basis
Function networks are a special caseof RN [Poggio and Girosi, 1989, Girosi et al.,
1999.

In fact all translation-invariant stabilizers K (x;x;) = K(x X;) correspnd to
RKHS's where the basisfunctions |, are Fourier eigenfunctionsand only dier in
the spectrum of the eigervalues(for a Gaussianstabilizer the spectrum is Gaussian,
that is , = Ael " (for = 1)). For example,if , = O for all n > no, the
correspnding RKHS consistsof all bandlimited functions, that is functions with zero
Fourier componerts at frequencieshigher than ny?. Generally |, are sud that they
decreaseas n increases,therefore restricting the classof functions to be functions
with decreasinghigh frequencyFourier componerts.

In classicalregularizationwith translation invariant stabilizersand assaiated ker-
nels,the commonexperience,often reported in the literature, is that the form of the
kernel doesnot matter much. It is a conjecturethat this may be becauseall transla-
tion invariant K inducethe sametype of , features- the Fourier basisfunctions.

2The simplestK is then K (x;y) = sinc(x ), or kernelsthat are corvolution with it.
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Regularization, generalized splines and kernel smoothers

A number of appraximation and learning techniquescan be studied in the framework
of regularization theory and RKHS. For instance, starting from a reproducing kernel
it is easy[Aronszgn, 1950 to construct kernelsthat corresmnd to tensor products
of the original RKHS; it is alsoeasyto construct the additive sum of seweral RKHS
in terms of a reproducing kernel.

Tensor Pro duct Splines: In the particular casethat the kernelis of the form:
K(x;y)= (L kd;y)

wherex! is the jth coordinate of vector x and k is a positive de nite function
with one-dimensionainput vectors, the solution of the regularization problem
becomes:

X o
f(x)= & fLik(xd;x)
i
Therefore we can get tensor product splinesby choosing kernels of the form
above [Aronszgn, 195(0.

Additiv e Splines: In the particular casethat the kernelis of the form:

N
KOGy) = k(¥

i=1

wherex! is the jth coordinate of vector x and k is a positive de nite function
with one-dimensionalinput vectors, the solution of the regularization problem
becomes:

X X . xd X . xd .
F)=" a( k(X)) = ( ck(q;x) = f;(x)

i j=1 j=1 i j=1

Soin this particular casewe get the classof additive approximation schemesof
the form:
xd .
fx)= ()

=1

A more extensiwe discussionon relations betweenknown appraximation methods and
regularization can be found in [Girosi et al., 1995.
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Dual representation of Regularization Networks

Every RN can be written as

f(x)=c K(x) (3.28)

where K (x) is the vector of functions sud that (K (x)); = K(X;Xj). Sincethe
coe cien ts ¢ satisfy the equation (3.14), equation (3.28) becomes

fO)=(K+ 1)y KX):

We can rewrite this expressionas

x‘
f(x)=yh(Xx)=y b(x) (3.29)

i=1
in which the vector b(x) of basisfunctions is de ned as:

b(x)= (K + 1) K(x) (3.30)

and now dependson all the data points and on the regularization parameter . The
represetation (3.29) of the solution of the appraximation problem is known as the
duaP of equation (3.28), and the basisfunctions b (x) are called the equivalent ker-
nels becauseof the similarity with the kernel smaoothing technique [Silverman, 1984,
Hardle, 1990,Hastie and Tibshirani, 1990. Notice that, while in equation (3.28) the
di cult part is the computation of coe cien ts ¢, the kernel function K (x; X;) being
prede ned, in the dual represetation (3.29) the di cult part is the computation of
the basisfunction b (x), the coe cien ts of the expansionbeing explicitly givenby the
Yi-

As obsenred in [Girosi et al., 1994, the dual represetation of a RN shaws clearly
how careful one should be in distinguishing betweenlocal vs. global appraximation
techniques. In fact, we expect (see[Silverman, 1984 for the 1-D case)that in most
casedhe kernelsh (x) decreasavith the distanceof the data points x; from the evalu-
ation point, sothat only the neighooring data a ect the estimate of the function at x,
providing thereforea\lo cal" appraximation scheme. Even if the original kernelK is
not \lo czal like the absolutevaluejxj in the one-dimensionataseor the multiquadric

K(x) = 1+ kxk?, the basisfunctions j(x) are bell shaped, local functions, whose
locality will depend on the choiceof the kernelK , on the density of data points, and
on the regularization parameter . This shows that apparerily \global" appraxima-
tion sthemescan be regardedas local, memory-lasal techniques(seeequation 3.29)
[Mhaskar, 19934.

3.2.2 From regression to classi cation

In the particular casethat the unknown function takesonly two values,i.e. -1 and
1, we have the problem of binary pattern classi cation, i.e. the casewhere we are

3Notice that this \dualit y" is di erent from the one mertioned at the end of section3.1.1.
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given data that belongto one of two classeqclasses1 and 1) and we want to nd a
function that separatesheseclassesit canbe shavn [Duda and Hart, 1979 that, if
V in equation(3.15)is (y f (x))?, andif K de nesa nite dimensionalRKHS, then
the minimizer of the equation

1 X 2 2
HIfF]= < (i) y)™+ kfkg; (3.31)
i=1
for 1 0 approahesasymptoti@lly the function in the RKHS that is closestin the
L, norm to the regressiorfunction:

fo(x) = Pr(y= 1x) Pr(y= 1x) (3.32)

The optimal Bayesrule classi er is given by thresholding the regressionfunction,
i.e. by sign(fo(x)). Notice that in the caseof in nite dimensionalRKHS asymptotic
results ensuring consistencyare available (see[Devroye et al., 1994, theorem 29.8)
but depend on se\eral conditions that are not automatically satis ed in the casewe
areconsidering. The Bayesclassi er is the bestclassi er, giventhe correctprobability
distribution P. Howeer, appraximating function (3.32) in the RKHS in L, doesnot
necessarilyimply that we nd the best appraximation to the Bayes classi er. For
classi cation, only the sign of the regressiorfunction matters and not the exactvalue
of it. Notice that an appraximation of the regressionfunction using a mean square
error criterion placesmore emphasison the most probable data points and not on
the most\imp ortant” oneswhich are the onesnearthe separatingboundary.

In the next sectionwe will study Vapnik's more natural approad to the problem
of classi cation that is basedon choosinga lossfunction V di erent from the square
error. This approad leadsto solutionsthat emphasizadata points nearthe separating
surface.

3.3 Support Vector Mac hines

In this sectionwe rst discussthe technique of Support Vector Machines (SVM) for
Regression(SVMR) [Vapnik, 1995, Vapnik, 1999 in terms of the SVM functional.
We will characterizethe form of the solution, and then discussSVM for Classi cation
(SVMC). We alsoshaw that SVM for binary pattern classi cation can be derived as
a special caseof the regressiorformulation.

3.3.1 SVM in RKHS

Once again the problem is to learn a functional relation betweenx and y given a
nite number of examplesD- = fX;;Vyig._; .
The method of SVMR [Vapnik, 1999 correspndsto the following functional
1X .
HIf1= < jyi f(x)j + kfkg (3.33)

i=1
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which is a special caseof equation (3.15) and where

( 0 if jxj<

V(x) = jx] iXj otherwise

(3.34)
is the  Insensitive Loss Function (ILF) (also noted with L ). Note that the ILF
assignszero costto errors smallerthen . In other words, for the cost function j |
any function closerthan to the data points is a perfectinterpolant. We canthink of
the parameter asthe resolutionat which we want to look the data. For this reason
we expect that the larger is, the simpler the represemation will be [Girosi, 1997.

The minimizer of H in the RKHS H de ned by the kernelK hasthe generalform
given by equation (3.23), that is

f0=" GK(xix)+ b; (3.35)
i=1
where we can include the constart b for the samereasonsdiscussedn the previous
section.
In orderto nd the solution of SVM we have to minimize functional (3.33) (with
V given by equation (3.34)) with respect to f. Sinceit is dicult to deal with
the function V(x) = jxj , the above problem is replacedby the following equivalert
problem (by equivalentwe meanthat the samefunction minimizesboth functionals),
in which an additional set of variablesis introduced:

Problem 3.3.1
X
min ( f; ; ):3 (i+ i)+}kfkﬁ (3.36)
fyxi i=1 2
subject to the constraints:

f(xi) v + 0 i=1n
yi  f(xi) + =1 (3.37)
i 0 =1

The parameter C in (3.36) has beenintroducedin order to be consisten with the
standard SVM notations [Vapnik, 1994. Note that in eq. (3.33) correspndsto
%. The equivalenceis establishedjust noticing that in problem (3.3.1) a (linear)
penalty is paid only whenthe absolutevalue of the error exceeds (becauseof the L
lossfunction). Notice that if either of the two top constrairts is satis ed with some
non-zero ; (or ;), the other is automatically satis ed with a zerovaluefor ; (or ;).
Problem (3.3.1) can be solved through the technique of Lagrangemultipliers. For
details see[Vapnik, 1994. The resultisthat the function which solvesproblem(3.3.1)

can be written as:

"
F)= (i DKGi;x)+b;

i=1
where ; and ; arethe solution of the following QP-problem:
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Problem 3.3.2

. X X X
min W( ;)= ' (i+ ) ' Yi( i)+§_._ ( D DK X));

The solutions of problems(3.3.1) and (3.3.2) are related by the Kuhn-Tucker condi-
tions:

i(F(Xi) v )=0 =L (3.38)
TVRRICD! D=0 Q=1 (3.39)
(g )i=0 i=1L: (3.40)
(S )i =0 i=1: (3.41)

The input data points x; for which ; or ; aredierent from zeroare called supgrt
vectors (SVs). Obsenethat ; and ; cannot be simultaneouslydi erent from zero,
sothat the constraint ; ; = O holdstrue. Any of the SVsfor which0< ; < ¢
(and therefore ; = 0) can be usedto computethe parameterb. In fact, in this case
it follows from the Kuhn-Tucker conditions that:

X
fxj)= (i  DK&ix)+b=y +:

i=1
from which b can be computed. The SVsare thosedata points x; at which the error
is either greateror equalto “. Points at which the error is smallerthan are newer
support vectors,and do not erter in the determination of the solution. A consequence
of this fact is that if the SVM wererun again on the new data set consistingof only
the SVsthe samesolution would be found.

3.3.2 From regression to classi cation

In the previoussectionwe discussedhe connectionbetweenregressiorand classi ca-
tion in the framework of regularization. In this section,after stating the formulation
of SVM for binary pattern classi cation (SVMC) as dewloped by Cortes and Vap-
nik [Cortes and Vapnik, 1994, we discussa connectionbetween SVMC and SVMR.

4In degeneratecaseshowever, it can happen that points whoseerror is equalto are not SVs.
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We will not discussthe theory of SVMC here;we refer the readerto [Vapnik, 1994.
We point out that the SVM technique has rst been proposedfor binary pattern
classi cation problemsand then extendedto the generalregressiorproblem [Vapnik,
1994.

SVMC can be formulated asthe problem of minimizing:

1X . 1.,
H(f)= < j1 vif(X)j+ + z=<kfkg; (3.42)
; 2C
which is again of the form (3.4). Usingthe fact that y; 2 f 1;+1git is easyto see

that formulation (3.42)is equivalert to the following quadratic programmingproblem,
originally proposedby Cortes and Vapnik [Cortes and Vapnik, 1999:

Problem 3.3.3 i
X
min(f;)=g i+}kfkﬁ
f2H; i=1
subjet to the constraints:
yif(xi) 1 4 i=Ly
i 0; =100 (3.43)
The solution of this problemis again of the form:
X
f(x)= K (Xi;x) + b; (3.44)

i=1

whereit turns outthat 0 ¢ <. The input data points x; for which ¢ is di erent
from zero are called, asin the caseof regression,supprt vectors (SVs). It is often
possibleto write the solution f (x) as a linear combination of SVsin a number of
di erent ways (for examplein casethat the feature spaceinduced by the kernel K

hasdimensionaliy lower than the number of SVs). The SVsthat appearin all these
linear conbinations are called essentialsupport vectors.

Roughly speakilggthe motivation for problem (3.3.3) is to minimize the empirical
error measurecby -, ;® while cortrolling capacity measuredin terms of the norm
of f in the RKHS. In fact, the norm of f is related to the notion of margin, an
important idea for SVMC for which we refer the readerto [Vapnik, 1998, Burges,
1994.

We now addressthe following question: what happensif we apply the SVMR
formulation given by problem (3.3.1) to the binary pattern classi cation case,.e. the
casewherey; take valuesf 1;1g, treating classi cation as a regressionon binary
data?

SFor binary pattern classi cation the em@irjcal error is de ned asa sum of binary numberswhich
in problem (3.3.3) would correspond to  ,_; ( i). However in such a casethe minimization
problem becomescomputationally intractable. This is why in practice in the costfunctional ( f; )
we approximate ( ;) with ;. We discussthis further at the end of this chapter.
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Notice that in problem (3.3.1) eat examplehasto satisfy two inequalities (which
come out of using the L loss function), while in problem (3.3.3) eaty example
hasto satisfy one inequality. It is possibleto show that for a given constart C in
problem (3.3.3), there exist C and in problem (3.3.1) sudh that the solutions of
the two problemsare the same,up to a constar factor. This is summarizedin the
following theorem:

Theorem 3.3.1 Supmsethe classi cation problem(3.3.3) is solval with parameter
C, and the optimal solution is found to be f. Then, there existsa valuea 2 (0; 1)
suchthat for 8 2 [a;1), if the regressionproblem(3.3.1) is solval with parameter
(3 )C, the optimal solutionwill be (1  )f .

We referto [Portil et al., 1999 for the proof. A direct implication of this result is
that onecansolwe any SVMC problemthrough the SVMR formulation. It is an open
guestion what theoretical implications theorem 3.3.1 may have about SVMC and
SVMR. In particular, chapter 4 preseirts somerecert theoretical results on SVMC
that have not yet beenextendedto SVMR. It is possiblethat theorem3.3.1may help
to extendthem to SVMR.

3.4 SRM for RNs and SVMs

At the beginningof this chapter we outlined how oneshouldimplemen both RN and
SVM accordingto SRM. The idea is to solwe a seriesof constrained minimization
problemsof the form (3.2), namely:

11X ¢
P;Lnrizl V(yi; T (X))

kfkz A2 (3.45)

for a sequenceof constarts A; < A, < :::A;¢), and then pick amongthe solutions
found the optimal one accordingto the SRM principle presened in chapter 2. The
solution found is the sameas the one found by solving directly the minimization
problem (3.4), namely:

. 1X
min<  V(yif(x))+ ki k2 ; (3.46)

where is the regularization parameterthat, accordingto the SRM principle, should
be equal to the optimal Lagrange multiplier found for the optimal A, ) (seethe
beginningof the chapter). We comebad to this issueat the end of this chapter, and
for the momert we consideronly kernel madinesof the form (3.45).

For the SRM principle to be usedit is requiredthat the hypothesisspacesonsid-
ereddo indeedde ne astructure. It isrequired,in other words, that the \complexity"
of the set of functions:

n [0}
V(y;f(x); f 2H; kfki A? (3.47)
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is an increasingfunction of A. Thus, we needto shaw that either the VC-dimension
or the V dimensionof the setof functions (3.47) is an increasingfunction of A for the
lossfunctions considered. This would theoretically justify the chosenlossfunctions
(for RN and SVM), sowe now turn to this issue. We rst considerthe problem of
regressionwith RN and SVMR. Classi cation with SVMC is consideredater.

3.41 Why not use the VC-dimension

Unfortunately it canbe shovn that whenthe lossfunction V is(y f (x))? (L,) and
alsowhenit isjy; f(x;)j (L ), the VC-dimensionof V (y;f (x)) with kf k2  A? does
not dependon A, and is in nite if the RKHS is in nite dimensional. More precisely
we have the following theorem (also shawvn in [Williamson et al., 1999):

Theorem 3.4.1 LetD bethe dimensionality of a RKHS H. For both the L, and the

-insensitivelossfunction, the VC-dimensionof the setof functionsfV (y;f (x)) ; f 2
H; jifij2  A?gis O(D), independentlyof A. Moreover, if D is in nite, the VC-
dimensionis in nite for any A 6 0.

Pro of

Consider rst the caseof L, loss functions. Consider an in nite dimensional
RKHS, and the set of functions with norm kf ki~ AZ2. If for any N we can nd N
points that we can shatter using functions of our set accordingto the rule:

classlif: jy f(X)j° s
class 1if: jy fX)j° s

then clearly the VC dimensionis in nite. ConsiderN distinct points (X;;y;) with
y; = Ofor all i, and let the smallesteigervalue of matrix G with G; = K (xj;X;) be
. Sincewe arein in nite dimensionalRKHS, matrix G is always invertible [Wahba,
199Q, so > 0sinceG is positive de nite and nite dimensional( may decreases
N increasesput for any nite N it is well de ned and 6 0).
b For any separationof the points, we considera function f of the form f (x) =
N, iK(x;;x), which is a function of the form (3.8). We needto shov that we can
nd coecients ; sud that the RKHS norm of the function is A2. Notice that
the norm of a function of this formis TG where( ); = ; (throughout the proofs
bold letters are usedfor noting vectors). Considerthe set of linear equations

PN 1
X; 2 classl: i-1 iGj =sr+ >0
P
X; 2 class 1: N iGj = s >0
Let s= 0. If wecan nd asolution to this systemof equationssud that TG
A? we can perform this separation, and sincethis is any separationwe can shatter
the N points. Notice that the solution to the systemof equationsis G * where
is the vector whosecomponerts are( ); = whenx; isin classl, and otherwise.
Soweneed(G ' )TG(G ') A?) TG! AZ?. Sincethe smallesteigervalue
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T

ofGis > 0,wehavethat "G ? . Moreover T = N 2. Soif we choose

small enoughsudh that N> A2) 2 %, the norm of the solution is lessthan
AZ?, which completesthe proof.

For the caseof the L lossfunction the argumen above can be repeated with
yi = to prove again that the VC dimensionis in nite in an in nite dimensional
RKHS.

Finally, notice that the sameproof can be repeatedfor nite dimensionalRKHS
to shaw that the V C dimensionis newer lessthan the dimensionality D of the RKHS,
sinceit is possibleto nd D points for which matrix G is invertible and repeat the
proof above. As a consequencéhe VC dimensioncannot be cortrolled by A.

It is thusimpossibleto usethe standard SRM with this kind of hypothesisspaces:
in the caseof nite dimensional RKHS, the RKHS norm of f cannot be usedto
de ne a structure of spaceswith increasingVC-dimensions,and in the (typical) case
that the dimensionality of the RKHS is in nite, it is not even possibleto use the
boundson the expectederror that the theory gives(the boundsin chapter 2). Sothe
VC-dimension cannot be usal directly neither for RN nor for SVMR.

On the other hand, we can still usethe V dimensionand the extended SRM
method outlined in chapter 2. This is discussecext.

3.4.2 A theoretical justication of RN and SVM regression

It turns out that, under mild \b oundedness"conditions, for both the (y f(x))?
(L,) and the jy; f(xj)] (L) lossfunctions, the V dimensionof V(y;f (x)) with
kf k2  A? doesdependon A, andis nite ewenif the RKHS is in nite dimensional.
More preciselywe have the following theorem(a tighter computation that holdsunder
someconditionsis shown later in this section):

Theorem 3.4.2 Let D be the dimensionality of a RKHS H with kernelK. Assume
for both the input space X and the output space Y are boundeal, let R be the radius
of the smalest ball containing the data x in the feature space induced by kernel K,

and assumey 2 [0;1]. For both the L, and the -insensitive loss function, the V

dimension of the set of functions fV(y;f(x)) ; f 2 H; jifjjz  A?gis nite for
8 >0, withh O(min (D;BDA™

Pro of
Let's consider rst the caseof the L, lossfunction. Let B be the upper bound on
the lossfunction (which existsfor the lossfunctions consideredsinceboth spacesX
andY arebounded). From de nition 2.1.7we candecommsethe rulesfor separating
points as follows:
classlif y; f(x;) s+
or yi f(xi) (s+ )
class 1if y; f(xj) s
and yi f(xp) (s )

(3.48)
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for some s B . For any N points, the number of separationsof the points
we can get using rules (3.48) is not more than the number of separationswe can
get using the product of two indicator functions with margin (of hyperplaneswith
margin):

function (a) : classlif y; fi(X;) s+
class 1if y; fi(Xxj) s
function (b) : classlif y; fa(xj) (s2 ) (3.49)
class 1if vy fo(Xj) (s2+ )
wherekf 1kZ  AZ andkf,kZ A2 and s;;S, B . This is showvn asfollows.

Clearly the product of the two indicator functions (3.49) has less \separating
power" whenwe add the constrains s; = s, = sandf, = f, = f. Furthermore, even
with theseconstrairts we still have more\separating power" than we have usingrules
(3.48): any separationrealizedusing (3.48) can alsobe realizedusing the product of
the two indicator functions (3.49) under the constrairts s; = s, = sandf; = f, = f.
For example,if y f(x) s+ then indicator function (a) will give +1, indicator
function (b) will give also+1, sotheir product will give +1 which is what we get if
we follow (3.48). Similarly for all other cases.

As mertioned in chapter 2, for any N points the number of ways we can separate
them is boundedby the growth function. Moreover, for products of indicator functions
it is known [Vapnik, 1999 that the growth function is boundedby the product of the
growth functions of the indicator functions. Furthermore, the indicator functions
in (3.49) are hyperplaneswith margin in the D + 1 dimensional spaceof vectors
f .(x);yg where the radius of the data is R? + 1, the norm of the hyperplane is
boundedby A%+ 1, (wherein both caseswve add 1 becauseof y), and the margin is at

2

least -o7. TheV dimensionh of thesehyperplaness known [Vapnik, 1998, Bartlett
and Shave-Taylor, 19980 to be boundedby h  min((D + 1)+ 1; BZA g4
the growth function of the separatingrules (3.48) is boundedby the product of the
growth functions (S8)" | that isG(N)  (&Y)" *wheneerN  h . If h*®isthe V
dimension,then h"¢9 cannot be larger than the larger number N for which inequality
2N (‘;—’\‘)2h holds. From this, after somealgebraicmanipulations (take the log of
both sides)we getthat N 5h , thereforeh™? 5 min (D + 2; ®ZDAD ) \which
provesthe theoremfor the caseof L, lossfunctions.
For generall , lossfunctions we canfollow the sameproof where(3.48) now needs
to be rewritten as: .
classlif y; f(xj) (s+ )¢
or f(x) yi (s+ )
class 1if yi f(xi) (s )b
and f(x) v (s )

(3.50)

Moreover,for 1< p< 1, (s+ )% sP + o5 (since = (s+ )% P osi U=
((s+ )p s)((s+ )7)P P+t (s9)P %) ((s+ )¢ s0)(B+:::B)=
((s + )% s%)(pB) ) and (s )% s o5 (similarly). Repeating the
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sameargumer as above, we get that the V dimensionis boundedby 5 min (D +
2; BB (R*+I(A®) ) Einally, for the L lossfunction (3.48) can be rewritten as:

classlif y; f(x;) s+
or f(xi) yi s+

class 1if y; f(xj) s
and f(xj) vyvi s

(3.51)

+ + + +

wherecallings®= s+ we cansimply repeat the proof above and get the sameupper
bound on the V dimensionasin the caseof the L, lossfunction. (Notice that the
constrairt s B is not taken into accourt. Taking this into account may
slightly changethe V dimensionfor L . Sinceit is a constrairt, it canonly decrease
- or not change- the V dimension).

Notice that for xed and xed radius of the data the only variable that cortrols
the V dimensionis the upper bound on the RKHS norm of the functions, namely
A. Moreover, the V dimensionis nite for 8 > 0; therefore,accordingto theorem
(2.1.5), ERM uniformly corvergesin ff 2 H ; kf k3  A?gforany A < 1, both for
RN and for SVMR.

Theoretically, we canusethe extendedSRM method with a sequencef hypothesis
spaceseat de ned for di erent As. To repeat, for a xed > 0 (wecanlet go
toOas ! 1) we rst dene astructure Hy H, :::  Hue) whereH, is the
set of boundedfunctionsf in a RKHS with jjfjjz A2, A, < 1, and the numbers
A, form anincreasingsequenceThen we minimize the empirical risk in ead H,,, by
solving the problem:

. 1X
minimize = V(yi;f (x;))
i=1

subject to @ jifjjz = AZ (3.52)

To solwe this minimization problem we minimize

1X -
SOVt + mifiiz  AZ) (3.53)
i=1

with respectto f and maximize with respect to the Lagrangemultiplier . If f, is
the solution of this problem, at the end we choosethe optimal f, ¢y in F, ) with the
assmiated , (), whereoptimality is decidedbasedon a trade o betweenempirical
error and the bound (2.16) for the xed (which, as we mertioned, can approah
zero). In the caseof RN, V is the L, lossfunction, whereasin the caseof SVMR it
is the -insensitive lossfunction.

In practice it is dicult to implemen the extendedSRM for two main reasons.
First, aswe discussedn chapter 2, SRM using the V dimensionis practically di -
cult becausewe do not have tight boundsto usein order to pick the optimal Fj ()
(combining theorems3.4.2and 2.1.6,boundson the expectedrisk of RN and SVMR
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madines of the form (3.52) can be derived, but these bounds are not practically
useful). Second,even if we could make a choiceof F,, (), it is computationally di -
cult to implemert SRM since(3.52) is a constrainedminimization problem onewith
non-linear constrairts, and solving sud a problem for a number of spacesH , canbe
computationally dicult. Soimplemerting SRM using the V dimensionof nested
subspace®f a RKHS is practically a very di cult problem.

On the other hand, if we had the optimal Lagrange multiplier , ), we could
simply solve the unconstrainedminimization problem:

1X
<7 OVOET )+ olitiik (354)
i=1

both for RN and for SVMR. This is exactly the problem we solwe in practice, as
descrilked earlier in this chapter. Sincethe value | () is not known in practice,
we can only \implement" the extended SRM appraximately by minimizing (3.54)
with various valuesof and then picking the best usingtechniquessud as cross-
validation [Allen, 1974,Wahba, 1980,Wahba, 1985,Kearnset al., 1995, Generalized
CrossValidation, Finite Prediction Error and the MDL criteria (see[Vapnik, 1999
for a review and comparison). An important remark to make is that for madine
(3.54), although as mertioned beforeit is equivalert to madine (3.2) for the \righ t"
choiceof , (), becausein generalwe do not know , () without actually training
madine (3.2) we cannot directly usethe theoremsof chapter 2. We will comebad
to this issueat the end of this chapter.

Summarizing, both the RN and the SVMR methods discussedcan be seenas
appraximations of the extended SRM method using the V dimension, with nested
hypothesisspaceseingofthe formff 2 H : kf ki  A2g, H beinga RKHS de ned
by kernel K. For both RN and SVMR the V dimensionof the lossfunction V in
thesespacess nite for 8 > 0, sothe ERM method uniformly corvergesfor any
A < 1, and we can usethe extendedSRM method outlined in chapter 2.

The V dimension in a special case

Before proceedingto the caseof classi cation, we preseth one more computation of
the V dimensionfor RN and SVMR that can be usedto computean \empirical* V
dimension,as discussedoelow.

We assumehat the data x arerestricted sothat for any nite dimensionalmatrix
G with ertries G; = K (x;;X;) the largesteigervalue of G is always M 2 for a given
constant M. We consideronly the casethat the RKHS is in nite dimensional. We
note with B the upper bound of V (y;f (x)). Under theseassumptionswe can show
that:

Theorem 3.4.3 TheV dimgnsionfor regressiogusing L, lossfunction and for hy-
pothesisspace H, = ff(x) = ., wy n(X)+bj 1., ﬁ A?gis nite for 8 > 0.
In particular:
h [
1. If bis constrained to be zeo, thenV LZAZ
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h
2. If bis a free parameter,V = 4 MZA

Pro of of part 1. h i
Supposewecan nd N > M A2 points f (X1;y1); 555 (XN ; Yn ) g that we canshatter.
Lets2 [ ;B ] be the value of the parameterusedto shatter the points.
Considerthe following \separation"®: if jy;j < s, then (x;;y;) belongsin class1.
All other points belongin class-1. For this separationwe need:

i f(q)j s+ ; ifjyj<s

b ol s iyl s (3.59)
This meansthat: for pointsin classlf takesvalueseitheryj+s+ + ;ory; s i
for ; 0. For points in the secondclassf takesvalueseithery; + s i or
yi s+ + 4, for ; 2 [0;(s )]. So (3.55) can be seenas a system of linear
equations:

Wh n(xi) =t (356)
n=1

with t; beingy;+s+ + j,ory; s i,oryi+s i,ory; s+ + ;,depending
oni. We rst uselemma 3.4.1to shav that for any solution (S%ti are xed now)
there is another solution with not larger norm that is of the form * 1L, K (x;;x).

Lemma 3.4.1 Amongall the solutions of a syﬁtemof equations (3.56) the solution

with the minimum RKHS norm is of the form: ~ L, K (x;;x) with = G 1.

Proof of lemma D
We introducethe N 1 matrix A, =, »(X;) and the new variable z, = é’%

We can write system(3.56) as follows:
Az =t: (3.57)

Notice that the solution of the systemof equation 3.56 with minimum RKHS norm,
is equivalert to the Least Square(LS) solution of equation 3.57. Let us denotewith
z° the LS solution of system3.57. We have:

%= (ACA) At (3.58)

where+ denotespseudoiverse. To seehow this solution looks like we use Singular
Value Decomppsition techniques:

A = UV’

AT = V U,

SNotice that this separationmight be a \trivial" onein the sensethat we may want all the points
to be +1 or all to be-1i.e. whenall jy;j < s or whenall jyjj s respectively.
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from which A>A = V 2V> and (A”A)* =V, ,2V], where ! denotesthe N
N matrix whoseelemelts are the inverse of the nonzeroeigervalues. After some
computations equation (3.58) can be written as:

2=V jUt=(V U)(U, 2U)t=AG 't: (3.59)
Using the de nition of z° we have that

* Ao 9 —
Wy n(X) = n n(X)Ani i (3.60)

n=1 n=1i=1

Finally, usingthe de nition of A;, we get:

o X
Wy n(X) = K (X;Xi) i
n=1 i=1

which completesthe proof of the lemma.

: . . . P
Given this lemma, we consideronly functions of the form iN:l iK (xi;x). We
show that the function of this form that solwesthe systemof equations(3.56) has
norm larger than A2, Therefore any other solution has norm larger than A? which
implies we cannot shatter N points using functions of our hypothesisspace.
The solution = G !t needsto satisfy the constrairt:
™G =t'G 't A?
.
Let max be the largesteigervalue of matrix G. Thent™G 't tm—t Since max
T
M2, tTG %t tM—E Moreover, becauseof the choice of the separation,t™t N 2
(for example, for the points in class1 which cortribute to t't an amourt equal
to(yj+s+ + )% jyij<s) y+s>0, andsince + ; > 0, then
(yi+s+ + ;) 2. Similarly ead of the other points "contribute" to tTt at least
2 sot™t N 2). So:
N

T 1 2

t'G 't e > A
sincewe assumedthat N > MZZAZ. This is a cortradiction, sowe concludethat we
cannot get this particular separation.

Pro of of part 2.

ConsiderN points that can be shattered. This meansthat for any separation,for
points in the rst classthereare ; Osudthat jf (xj)+b y;j= s+ + ;. Forpoints
in the seconcclassthereare ; 2 [0;s  Jsudithat jf (xj))+b yjj=s i. Asin the
caseb= 0 we canremove the absolutevaluesby consideringfor ead classtwo types
of points (we call them type 1 and type 2). For classl, type 1 are points for which
f(xj)=yi+st+ + ; b=t b Type2arepointsforwhichf(xj)=y, s i b=
ti b For class2, type 1 are points for which f (x;) = y; + s i b=t b
Type 2 are points for which f (xj)=y; s+ + ; b=1t; h Variablest; areasin
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the caseb= 0. Let Si1;S12; S 11; S 12 denotethe four setsof points (S; are points
of class[_i, typej). Usinglemma3.4.1,we only needto considerfunctions of the form
f(x)=" N, iK(x;x). Thecoecients ; aregivenby = G (t b)therebisa
vector of bs. As in the caseb= 0, the RKHS norm of this function is at least

ﬁ%a b)T(t b): (3.61)

The b that minimizes (3.61) is Ni(F> Not). So (3.61?_.)is at least as large as (after
replacingb and doing somesimple calculations) 5hz =1 (ti t))%

We now considera particular separation. Without lossof generality assumethat
yi Y2 i yn andthat N is ewen (if odd, considerN 1 points). Considerthe
separationwhere class1 consistsonly of the "even” points fN;N  2;:::;2g. The
following lemmaholds:

, . P .
Lemma 3.4.2 For the semration considered, il?‘J':l (ti  t;)?is at least as large as
2(N2 4)
—.

Proof of lemma

Considera point (x;;y;) in S;; and a point (x;;y;) in S 11 sud that y; y; (if
sud a pair doesnot exist we can consideranother pair from the casedisted below).
Forthesepoints (ti t;)>= (yi+s+ + ; y; s+ + ;)= ((yi y)+2 + i+ ;)?

4 2, In a similar way (taking into accoun the constrairts on the ;'s and ons) the
inequality (ti t;)> 4 2 canbe shawvn to hold in the following two cases:

S
(Xi;¥i) 2 Sa1; (XjJYj)ZSnSS 12 Yi Y

3.62
(Xi;¥i) 2 S12; (X3¥)2S 11 S 120 Y Y (3.62)
Moreover
p hp i
I’j =1 (tl tJ)2 2h i2S11 j2s 1185 2 Y (tl t])zl +
p P S ) (3.63)
2 i2S12 i2S 11 S 123y Y (ti tj)

sincein the right hand sidewe excludedsomeof the terms of the left hand side. Using
the fact that for the casesconsidered(t; t;)? 4 2, the right hand sideis at least

82 P '-:gsll(number of points j in class 1 with y; y;)+

+8 2 55, (number of points j in class 1 with y; ;) (3.64)

Let I, and I, be the cardinalities of S;; and S;, respectively. Becauseof the choice
of the separationit is clearthat (3.64)is at least

82(1+2+::+ 1)+ @A+2+:::+ (I, 1)

(for exampleif I, = 2 in the worst casepoints 2 and 4 are in S;; in which casethe

rst part of (3.64) is exactly 1+2). Finally, sincel; + |, = N7 (3.64) is at least
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g 2N 4= 2(N22 % which provesthe lemma.

Using lemma 3.4.2 we get that the norm of the solution for the consideredsep-
. . 2(N 2 . .
aration is af Ieaslt as large as 4(,5'M24). Sincethis hasto be  A? we get that
N & 4 M2 which completesthe proof (assumeN > 4 and ignore additive

constaris lessthan 1 for simplicity of notation).

In the caseof L, loss functions, using the sameargumert as in the proof of
theorem3.4.2we get that the V dimensionin in nite dimensionalRKHS is bounded

by M in the rst caseof theorem 3.4.3,and by 4M in the secondcase
of theorem 3.4.3. Finally for L lossfunctions the bound on the V dimensionis the
sameasthat for L, lossfunction, again using the argumert in the proof of theorem
3.4.2.

Empirical V dimension

Theorem 3.4.3assumesa bound on the eigervaluesof any nite dimensionalmatrix
G. Howewer sud a bound may not be known a priori, or it may not even exist. In
practice we can still usethe method preseted above to measurethe empirical V
dimensiongiven a set of ~ training points. This can provide an upper bound on the
random ertropy of our hypothesisspace[Vapnik, 1994.
More precisely given a set of ~ training points we build the = ~ matrix G as

before, and compute it's largest eigevalue .. We can then substitute M2 with

max IN the computation above to get an upper bound of what we call the empirical
V dimension. This can be useddirectly to get bounds on the random ertropy (or
number of ways that the " training points canbe separatedusingrules (3.48)) of our
hypothesisspace. Finally the statistical properties of our learning macine can be
studied using the estimated empirical V dimension (or the random ertropy), in a
way similar in spirit asin [Williamson et al., 1998, Shave-Taylor et al., 1994. We
discussthis issuefurther in chapter 6.

3.4.3 A theoretical analysis of SVM classi cation

It is interesting to notice that a similar analysis can be used for the problem of
classi cation. In this casethe following theorem holds:

Theorem 3.4.4 TheV dimensionh for j1 yf (x)j, in hypthesissppeesH A = ff 2
H ; kf ki  A2?g (of the setof function fj1 yf (x)j, ; f 2 Hag) andy 2 f 1;1g,
is nite for 80< . If D is the dimensionality of the RKHS H, and R? is the radius
of the smalest sphee centered at the origin containing the datax in the RKHS, then
h is upper boundel by:

O(min(D; B2A%)) for <1

O(min(D; =R;A%)) for 1
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Pro of

The proof is basedon the following theorem [Gurvits, 1997 (proved for the fat-
shattering dimension, but as mertioned in chapter 2, we useit for the \equivalert"
V one).

Theorem [Gurvits, 1997]: The V dimensionh of the set of functions’ Ha = ff 2
H; kfki A?gis nite for 8 > 0. If D is the dimensionality of the RKHS, then
h  O(min(D; &’;2)), whee R? is the radius of the smalest sphee in the RKHS
centered at the origin whele the data belongto.

shattered using the rules:

classlif (1 vyif(x))1 vyf(x)) s+

class 1if (1 vyf(x)@A vf(x)) s (3.65)
for somes with 0 < s. After somesimple algebratheserules canbe decommsed
- classlif f(x;)) 1  (s+ l)l (fory, = 1)

or f(xj)+1 (s+ ) (fory,= 1) (3.66)

class 1if f(x)) 1 (s ) (fory,=1)
or f(x)+1 (s ) (foryi= 1)

From the 2N points at leastN are either all class-1, or all class1. Considerthe rst

case(the other caseis exactly the same),and for simplicity of notation let's assume
the rst N points areclass-1. Sincewe canshatter the 2N points, we canalsoshatter
the rst N points. Substituting y; with 1, we get that we can shatter the N points

classif f(x)+1 (s+ )i (3.67)
class 1if f(x))+1 (s )

Notice that the function f (x;)+ 1 hasRKHS norm boundedby A? plus a constart
C (equalto the inverseof the eigervalue correspnding to the constart basisfunction
in the RKHS - if the RKHS doesnot include the constart functions, we cande ne a
new RKHS with the constart and usethe new RKHS norm). Furthermore thereis a
\margin" between(s + )l and (s )i which we can lower bound as follows.

For < 1,assuming? is aninteger (if not, we cantake the closestlower integer),

1

0
11
S L R GRS (R B R} AN CR S R R
k=0

] 1,

In this casewe can considerV (y;f (x)) = f (x).
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For 1, integer (if not, we cantake the closestupper integer) we have that:

2= (s+ ) (s ) =

1 1 Xl 1 1 .
=((s+ )" (s ) s+ )) TX(s )
k=0
(s+ ) (s ))B—

whereB is an upper bound on the valuesof the lossfunction (which exists because
of the constrairts on x and kf k),
from which we obtain:

1

N NI

— (3.68)
ThereforeN cannot be larger than the V dimensionof the set of functions with
RKHS norm  A?+ C and margin at least *for <1 (from eq. (3.68)) and pp—

for 1 (from eq. (3.68)). Using Gurvits' theorem, and ignoring constart factors
(also onesbecauseof C) the theoremis proved.

10

Sigma

Figure 3-2: Plot of the V dimensionasa function of for = :9
Figure 3-2 shaws the V dimensionfor R?A? = 1 and = 0:9, and D in nite.
Notice that as ! 0, the dimensiongoesto innity. For = 0the V dimension

becomeghe sameasthe VC dimensionof hyperplanes,which is in nite for in nite
dimensional RKHS [Vapnik, 1999. For increasingabove 1, the dimension also
increasesintuitiv ely the margin  becomesmallerrelatively to the valuesof the loss
function.
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We now study classi cation kernel madinesof the form (3.2), namely:

. 1X ¢
min < 1V(Yi. (xi))

kfkz A2 (3.69)
for particular lossfunctions V:
Misclassi cation lossfunction:
V(y:f(x)) = V™(yf(x)) = ( yf(x)) (3.70)
Hard margin lossfunction:
V(y;f(x) = VMyf(x) = (@ yf(x) (3.71)
Soft margin lossfunction:
V(y:f(x)) = VZ(yf(x)) =1 yf (X)j+; (3.72)

where isthe Heavysidefunction. Lossfunctions(3.71) and (3.72) are\margin" ones
becausehe only casethey do not penalizea point (x;y) isif yf (x) 1. For a given
f, theseare the points that are correctly classi ed and have distance 100 -1,
from the surfacef (x) = 0 (hyperplanein the feature spaceinduced by theKkerneHE

[Vapnik, 199d). For a point (x;y), quartity %) is its margin, and the probability of

having % is calledthe margin distribution of hypothesisf . In the caseof SVM
Classi cation, quartity j1 vyif (x;)j+ is known asthe slackvariable correspnding to
training point (x;;yi) [Vapnik, 1994.

We will alsoconsiderthe following family of margin lossfunctions (nonlinear soft
margin lossfunctions):

VI{y:f(x)) =V (yf(x)) =j1  yf(x)j.: (3.73)

Lossfunctions (3.71) and (3.72) correspnd to the choiceof = 0; 1 respectively. Fig-
ure 3-3 shavs someof the possiblelossfunctions for di erent choicesof the parameter

We rst study the loss functions (3.70) - (3.73). For classi cation madines the
quartity we are interestedin is the expected misclassi cation error of the solution f
of madiine 3.69. With somenotation overload we note this with | ™€¢[f]. Similarly
we will note with | "™[f ], I S™[f ], and | [f ] the expectedrisksof f usinglossfunctions
(3.71), (3.72) and (3.73), respectively, and with 1™ [f;"], 157 [f ], and lemplf 5 ],

emp emp
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Figure 3-3: Hard margin loss (line with diamond-shagd points), soft margin loss
(solid line), nonlinear soft margin with = 2 (line with crosses)and = % (dotted
line)

the correspnding empirical errors. We will not considerkernel madines(3.69) with
VMs¢ asthe lossfunction, for a clearreason:the solution of the optimization problem:
. P
min o ( yif(xi)
subject to kf ki A2

is independern of A, sincefor any solution f we can always rescalef and have the
samecost -, ( Yif (X))

Using theorems3.4.4and 2.1.6 we can bound the expectederror of the solution f
of madhines (3.45):

Prijlemplf;’] 1[fli> g G(;5h); (3.74)

wherethe error is measuredusing either V™ or V. with h beingthe correspnding
V dimensiongivenby theorem3.4.4. To geta boundonthe expectedmisclassi cation
error | ™¢[f ] we usethe following simple obsenation:

V™E(y; (X)) V (y;f(x)) for 8 ; (3.75)

Sowe canboundthe expectedmisclassi cation error of the solution of madine (3.69)
under V3™ and V usingthe V dimensionof theselossfunctions and the empirical
error of f measuredusingagaintheselossfunctions. In particular we getthat for 8 ,
with probability 1 G(; ;h):

IPCE] Templf 571+ (3.76)

where and arerelatedasstatedin theorem2.1.6,andh isthe V dimensiongiven
by theorem 3.4.4for the V lossfunction.
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Unfortunately we cannot usetheorems3.4.4and 2.1.6 for the V"™ or V™€ |oss
functions. For theselossfunctions, sincethey are binary-valued, the V dimension
is the sameas the VC-dimension, which is not appropriate to usein this case: it
is not inuenced by A, and in the casethat H is an in nite dimensional RKHS,
the VC-dimensionof thesebinary-valued lossfunctions turns out to be in nite (see
for example[Vapnik, 1999). This implies that for in nite dimensionalRKHS, since
the VC-dimension of the indicator functions V"™ and V™ is in nite no uniform
convelgene takesplaae, and furthermore the boundsof chapter 2 cannot be usedto
bound the expectedmisclassi cation (or hard margin) error in terms of the empirical
misclassi cation (or hard margin) one.

Notice, howewer, that for | 0,V approahesV" pointwise (from theorem
3.4.4the V dimensionalsoincreasesowardsin nit y). Regardingthe empirical error,
this impliesthat R | R, so,theoretically, we canstill bound the misclassi cation
error of the solution of machineswith V" using:

R™°(f)  Rim(f)+ + max(Remp(f) REM(f);0); (3.77)

where R, (f ) is measuredusingV  for some . Notice that changing we get a
family of boundson the expected misclassi cation error. Finally, as a last remark,
it could be interesting to extend theorem 3.4.4to lossfunctions of the form g(j1
yf (X)j+), with g any cortinuous monotonefunction.

3.4.4 Discussion

In recen yearsthere has beensigni cant work on bounding the generalizationper-
formance of classi ers using scale-sensitig dimensionsof real-valued functions out
of which indicator functions can be generatedthrough thresholding (see [Bartlett
and Shawve-Taylor, 1998a,Shawve-Taylor and Cristianini, 1998, Shave-Taylor et al.,
1999, [Bartlett, 1999 and referencesherein). This is unlike the \standard" statistical
learning theory approad whereclassi cation is typically studied using the theory of
indicator functions (binary valued functions) and their VC-dimension[Vapnik, 1994.
The approad taken in this chapter is similar in spirit with that of [Bartlett, 1994,
but signi cantly di erent aswe now briey discuss.

In [Bartlett, 1999 a theory was dewloped to justify macines with \margin".
The ideawasthat a\b etter" bound on the generalizationerror of a classi er can be
derived by excludingtraining exampleson which the hypothesisfound takesa value
closeto zero(classi cation is performedafter thresholdinga real valuedfunction). In-
steadof measuringthe empirical misclassi cation error, assuggestedy the standard
statistical learning theory, what was usedwas the number of misclassi ed training
points plusthe number of training points on which the hypothesistakesa value close
to zero. Only points classi ed correctly with some\margin" are consideredcorrect.
In [Bartlett, 1999 a di erent notation was used: the parameterA of macines(3.69)
was xed to 1, while a margin  was introduced inside the hard margin loss, i.e

( yf (x)). Notice that the two notations are equivalert: given a value A in our
notation we have = A 1! in the notation of [Bartlett, 1999. Below we adapt the
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resultsin [Bartlett, 1999 to the setup of this paper, that is, weset = 1 andlet A
vary. Two main theoremswere proven in [Bartlett, 1994.

Theorem 3.4.5 (Bartlett, 1998) For a givenA, with prokability 1 , everyfunc-
tion f with kf k2 A2 hasexpected misclassi cation error | ™¢[f ] boundel as:

S
|mSe[f] < 10 ff ]+ 2(din(34e"=0) log,(578) + In(4= ): (3.78)

wheee d is the fat-shattering dimensionf at of the hypothesisspace ff : kf k2  A%g

—_ 1
for = Iex-

Unlike in this thesis,in [Bartlett, 1999 this theoremwas proved without using theo-
rem 2.1.6. Although practically both bound (3.78) and the boundsderived above are
not tight and thereforenot practical, bound (3.78) seemseasierto usethan the ones
presered in this paper.

It isimportant to noticethat, like bounds(3.74), (3.76),and (3.77),theorem3.4.5
holdsfor a xed A [Bartlett, 1999. In [Bartlett, 1994 theorem3.4.5was extendedto
the casewherethe parameterA (or in the notations of [Bartlett, 1999) is not xed,
which meansthat the bound holds for all functions in the RKHS. In particular the
following theoremgivesa bound on the expected misclassi cation error of a macine
that holds uniformly over all functions:

Theorem 3.4.6 (Bartlett, 1998) For anyf with kf kx < 1 , with prokability 1
the misclassi cation error | ™*(f ) of f is boundel as:
S

|me[f] < 1 0mff ]+ 2(din(34e"=0) log,(578) + In(8kf k= ): (3.79)

wheee d is the fat-shattering dimensionf at of the hypothesisspace consisting of all
functions in the RKHS with norm ~ kf k&, and with = L.
Notice that the only di erencesbetween(3.78) and (3.79) are the In(8kf k=) instead
of In(4=), andthat = 5 insteadof = ;1.

Sofar we studied machinesof the form (3.69), whereA is xed a priori. In practice
learning madcinesused, like SVM, do not have A xed a priori. For examplein the

caseof SVM the problemis formulated [Vapnik, 1999 as minimizing:

.
mingon 1 Vif (x)j+ + kfkZ (3.80)

i=1

where is known asthe regularization parameter. In the caseof madines (3.80) we
do not know the norm of the solution kf k% beforeactually solving the optimization
problem, soit is not clear what the \e ectiv e" A is. Sincewe do not have a xed
upper bound on the norm kf k2 a priori, we cannot usethe bounds of chapter 2
or theorem 3.4.5 for madines of the form (3.80). Instead, we needto use bounds
that hold uniformly for all A (or if we follow the setup of [Bartlett, 1998), for
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examplethe bound of theorem 3.4.6, so that the bound also holds for the solution
of (3.80) we nd. In fact theorem 3.4.6 hasbeenuseddirectly to get boundson the
performanceof SVM [Bartlett and Shawve-Taylor, 19984. It is a (simple) conjecture
that a straightforward applications of the methods usedto extend theorem 3.4.5to
3.4.6can also be usedto extend the boundsof chapter 2 to the casewhere A is not
xed (and thereforehold for all f with kf k% < 1).

There is another way to seethe similarity between madines (3.69) and (3.80).
Notice that the formulation (3.69) the regularization parameter of (3.80) can be
seenas the Lagrange multiplier usedto solve the constrainedoptimization problem
(3.69). That is, problem (3.69) is equivalert to:

.
max minay - V(yif () + (kKfkZ A2 (3.81)

i=1

for 0, which is similar to problem (3.80) that is solwed in practice. Howewer in
the caseof (3.81) the Lagrangemultiplier  is not known beforehaving the training
data, unlike in the caseof (3.80).

So,to summarize,for the madines(3.2) studied in this thesis, A is xed a priori
and the \regularization parameter" is not known a priori, while for macines(3.80)
the parameter is known a priori, but the norm of the solution (or the e ective A)
is not known a priori. As a consequenceave can usethe theoremsof chapter 2 for
madines (3.2) but not for (3.80). To do the secondwe needa technical extension
of the results of chapter 2 similar to the extensionof theorem 3.4.5to0 3.4.6 done
in [Bartlett, 1994. On the practical side, the important issuefor both macines
(3.2) and (3.80) is how to chooseA or . In generalthe theoremsand bounds
discussedn chapter 2 cannot be practically usedfor this purpose. Criteria for the
choiceof the regularization parameterexist in the literature - sud ascrossvalidation
and generalizedcrossvalidation - (for examplesee[Vapnik, 1998, Wahba, 1994 and
referencegherein), and is the topic of ongoingresearb.

Finally, for the caseof classi cation, as theorem 3.4.4 indicates, the generaliza-
tion performanceof the learning madinescan be boundedusing any function of the
sladk variablesand thereforeof the margin distribution. Is it, howewer, the casethat
the slak variables(margin distributions or any functions of these)are the quartities
that cortrol the generalizationperformanceof the kernelmadines,or there are other
important geometric quartities involved? The next chapter follows a di erent ap-
proad to studying learning madiinesthat leadsto di erent type of boundsthat are
practically shovn to be tight and also depend on parametersother than the margin
distribution of the data.
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Chapter 4

Learning with Ensembles of Kernel
Mac hines

This chapter studies the problem of learning using ensenbles of kernel machines, for the
caseof classi cation. Two typesof ensenblesare de ned: voting combinations of classi ers,
and adaptive combinations of classi ers. Special casesconsideredare baggingand Support
Vector Machines. New theoretical bounds on the generalization performance of voting
ensenblesof kernel madinesare preseried. Experimertal results supporting the theoretical
bounds are showvn. Finally, both voting and adaptive conbinations of kernel machines are
further characterized experimentally. Among others, the experimens suggesthow suc
ensenbles can be used to partially solve the problem of parameter selection for kernel
madines (by combining madines with di erent parameters), and for fast training with
very large datasets (by combining macines ead trained on small subsetsof the original
training data).

4.1 Intro duction

Two major recert advancesin learning theory are Support Vector Machines (SVM)
[Vapnik, 1999 and ensenble methods sud as boosting and bagging[Breiman, 1996,
Shapireet al., 1999. Distribution independert boundson the generalizationperfor-
mance of thesetwo techniqueshave beensuggestedecerly [Vapnik, 1998, Shave-
Taylor and Cristianini, 1998, Bartlett, 1998, Shapire et al., 1994, and similari-
ties between these bounds in terms of a geometric quartity known as the margin
(see chapter 3) have been proposed. More recerlly bounds on the generalization
performanceof SVM basedon cross-alidation have been derived [Vapnik, 1998,
Chapelle and Vapnik, 1999. Theseboundsdepend alsoon geometricquartities other
than the margin (such as the radius of the smallest spherecortaining the support
vectors).

The goal of this chapter is to study ensermble methods for the particular case
of kernel madiines. As in the previous chapter, the kernel macines consideredare
learning madiines of the form (3.5), namely:

00 =" 6K (%) @.1)

i=1

where, as discussedat the beginning of chapter 3, the coe cients ¢; are learnedby
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solving the following optimization problem:

. 1X
min < V(yi;f(xi) + kfk2 (4.2)
f2H L)
It turns out that for particular choicesof the lossfunction V, the minimization prob-
lem (4.2) is equivalert to the dual one:
P . P
max.H (c) = = ;-; S(q) % i =1 GG YiYiK (Xi;X;)
(4.3)
subectto: 0 ¢ C

whereS() is a costfunction dependingon V, and C a constart dependingonV and
[Jaakkola and Haussler,19984. For example,in the particular caseof SVM (that
we are mostly interestedin here), S(¢)) = ¢ and C = zi as discussedn chapter 3.
The theoretical results presered in this chapter hold only for lossfunctions for which
madines (4.2) and (4.3) are equi\alrg(t. Notice that the bias term (threshold b in
the generalcaseof madinesf (x) = ;_; GK(X;;X) + b) is often incorporated in the
kernel K (seealsochapter 3 for a discussionon this issue).
The typesof enserbles consideredare linear combinations of the individual ma-
chines, that is, the \overall* macine F (x) is of the form:

X
F(x) = of O(x) (4.4)
t=1
where T is the number of madiinesin the ensemble, and f (x) is the t™ madine.
Two typesof ensembles are considered:

1. Voting Combination of Classi ers (VCC): this is the casewherethe coe cien ts
¢ in 4.4arenot learned(i.e. = 1).

2. Adaptive Combinations of Classi ers (ACC): these are ensembles of the form
(4.4) with the coe cients  alsolearned(adapted) from the training data.

The rst part of the chapter preserts new bounds on the generalizationperfor-
mance of voting ensenbles of kernel madines (4.3). The bounds are derived using
cross-alidation argumerts, sothey can be seenas generalizationsof the boundsfor
singlekernel machinesderived in [Vapnik, 1998,Jaakkola and Haussler,19984. Par-
ticular casesconsideredare that of baggingkernel madinesead trained on di erent
subsamplesof the initial training set, or that of voting kernel madines eat using
a di erent kernel (also di erent subsetsof features/commnerts of the initial input
features). Among others, the bounds preseited can be used,for example,for model
selectionin sud cases.

For the caseof adaptive conbinations no boundsare proven (it remainsan open
guestion). However model selectioncan still be done by using a validation set. This
chapter alsoshaws experimertal results shaving that a validation setcan be usedfor
model selectionfor kernel machinesand their ensenbles, without having to decrease
the training set sizein order to create a validation set. Finally, both voting and
adaptive conbinations are further characterizedexperimertally.
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4.1.1 Ensemble learning metho ds: Bagging and Bo osting

Beforepreseiing the theoreticaland experimertal analysisof ensenblesof kernelma-
chines, an overview of somecommonensenbles of learning madiinesis given brie y .

Conmbining madines instead of using a single one is an idea usedby mary re-
seartersin recen years[Breiman, 1993,Breiman, 1996, Shapireet al., 1998, Fried-
man et al., 1994. In the spirit of VCC, bagging [Breiman, 1994 is a particular
ensenble architecture where a voting conbination of a number of learning madines
ead trained using a subsetwith replacemen of the initial training data is used. The
sizeof the subsampleis equalto the sizeof the original training set, but repetitions
of points occur. Bagging has also beenusedfor regressionn which casethe average
real output of the individual regressorss taken.

Although there doesnot exist a well-acceptedtheory of bagging, there are some
theoretical and experimental indications that baggingworks better whenthe individ-
ual classi ersare \unstable" [Breiman, 1994. Instability in this casemeansthat the
solution of the learning macdine changesa lot with changesof the training data. A
theoretical view of baggingdeweloped by Breiman [Breiman, 1994 suggestghat the
overall performanceof a\bagging system" dependson the instability of the individual
classi ers (called variance in [Breiman, 1994d) aswell as on the so called bias of the
classi ers used, which is the error of the "best" possibleclassi er in the hypothesis
spacein which the individual classi ers belongto (i.e. the "best" decisiontree, or
linear classi er). According to the theory, baggingdecreaseshe variance,therefore
improving performance.This analysisof baggingis asymptotic, in the sensehat the
theory doesnot provide small-sizecharacterizationsof the performanceof bagging,
for examplein the forms of boundson the generalizationerror of bagging macines
like the onesdiscussedn chapter 2.

A dierent type of ensembles of learning madinesis that of boosted madines.
Boosting [Shapire et al., 1998, Friedman et al., 1999 has beenusedto descrike the
following method of training and combining madines: ead madine is trained on all
the data, but ead of the data points has a weight that signi es the "imp ortance"
that ead of the madinesgivesto that point. Initially, that is for the rst learning
madine, all points have typically the sameweigh. After ead madine is trained on
the weighted data, the weighs of the data are updated typically in sucd a way that
future madinesput moreweight onthe points that previousmadinesmadea mistake
on. After a number of sud iterations the overall madine consistsof a weighted vote of
the individual madines,wherethe weights are computedtypically in sud a way that
madineswith largetraining error have smallweighs. Various"up date" and"weigh"
rules have beenproposed(seefor example[Shapireet al., 1999). Theoretical analysis
of boosting has lead to non-asymptotic bounds of the boosted (overall) madine of
the form discussedn chapter 2 [Shapireet al., 1994. More recerly, boosting has
beenstudiedin the cortext of gradiert descet minimization of costfunctions, where
eadt of the individual macdhines (iterations) correspndsto a gradiert desceh step
[Friedman et al., 1994. Within this framework new boosting methods have been
proposed.

The approad taken in this chapter defersfrom both aforemerioned ones. In
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particular, the theoretical analysisof ensembles of madinesleadsto boundson the
expectederror of the ensembles (like in the caseof boosting), but the boundsshovn
depend on quartities di erent from the onesin [Shapireet al., 1999. The bounds
are derived usingthe leave-one-outapproad similarly to [Vapnik, 1998,Jaakkola and
Haussler,19984.

4.2 Generalization performance of voting ensem-
bles

The theoretical results of the chapter are basedon the cross-alidation (or leave-one-
out) error. The cross-alidation procedure consistsof removing from the training
set one point at a time, training a madine on the remaining points and then test-
ing on the removed one. The number of errors courted throughout this process,
L ((Xi;y1);:::(x;y)), is called the cross-alidation error [Wahba, 1980, Kearns et
al., 1999. It is known that this quartity provides an estimate of the generalization
performanceof a madine [Wahba, 1980, Vapnik, 1999. In particular the expecta-
tion of the generalizationerror of a machine trained using ™ points is boundedby the
expectation of the crossvalidation error of a madine trained on ~ + 1 points (Luntz
and Brailovsky theorem [Vapnik, 1999).

We beginwith someknown resultson the cross-alidation error of kernelmadines.
The following theoremis from [Jaakkola and Haussler,19984:

Theorem 4.2.1 The cross-validationerror of a kernelmachine(4.3) is upper boundel
as: i
X
L ((Xisya)siii(X5y)) (6K (xi;Xi)  yif (xi)) (4.5)
i=1
whee is the Heavyside function, and the ¢; are found by solving maximization
problem(4.3).

In the particular caseof SVM wherethe data are separable(4.5) can be bounded
by geometricquartities, namely [Vapnik, 1994:
X D&,
L ((Xisy1);::(x5y) (GK (Xi;xi)  yif (xi)) > (4.6)

i=1

whereDyg, is the radius of the smallestspherein the feature spaceinducedby kernel
K [Wahba, 1990,Vapnik, 1999 certered at the origin cortaining the support vectors,
and is the margin ( 2= =) of the SVM.

Using this result, the foII(;wing theoremis a direct application of the Luntz and
Brailovsky theorem [Vapnik, 19984:

Theorem 4.2.2 The avergegenealization error of an SVM (with zero thresholdb,
and in the sem@rablecase)trained on ~ points is upper boundel by
!
1 . Day
1 20)
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wheee the expectation E is taken with resgect to the prokability of a training set of
size .

Notice that this result shavs that the performanceof SVM doesnot depend only
on the margin, but alsoon other geometricquartities, namelythe radius Dg,. In the
non-separablecase,it can be shovn (the proof is similar to that of corollary 4.2.2
below) that equation (4.6) can be written as:

X D2
L ((Xisys); i (x5 y)) (6K (xi;xi)  yif(xi)) EE1+ —

i=1

4.7)

where EE; is the hard margi$qmpirical error of the SVM (the number of training
points with yf (x) < 1,that is ;; (1 vif (xi)) ).

We now extend theseresults to the caseof ensembles of kernel madines. We
considerthe generalcasewhereead of the madinesin the ensenble usesa di erent
kernel. Let T be the number of madines,andlet K ® be the kernelusedby macine
t. Noticethat, asa specialcase appropriate choicesof K () leadto machinesthat may
have di erent subsetsof featuresfrom the original ones. Let f V(x) be the optimal
solution of machinet (real-valued), and ci(t) the optimal weight that madinet assigns
to point (x;;y;) (after solving problem (4.3)). We considerenserblesthat are linear
combinations of the individual madines. In particular, the separatingsurfaceof the
enserble is:

X
F(x) = of ©(x) (4.8)

t=1
and the classi cation is done by taking F;he sign of this function. The coe cients
¢ are not learned (i.e. = %), and [, { = 1 (for scalingreasons), ; > 0.
All parameters(C's and kernels)are xed beforetraining. In the particular caseof
bagging,the subsamplingof the training data should be deterministic. With this we
meanthat whenthe boundsare usedfor model (parameter) selection,for eat model
the samesubsamplesetsof the data needto be used. Thesesubsampleshoweer, are
still random ones. It is a conjecturethat the results presered belon alsohold (with
minor modi cations) in the generalcasethat the subsamplingis always random. We

now considerthe cross-alidation error of sud enserbles.

Theorem 4.2.3 The cross-validationerror L ((Xi;y1);:::(x-;y:)) of a kernel ma-
chinesensembldas upper boundal by:

Ny XX O .
L ((Xi;y2);:::(x;y)) (&’ KY(Xxi;xi)  yiF(x)) (4.9)

i=1 t=1

The proof of this theoremis basedon the following lemmashawvn in [Vapnik, 1998,
Jaakkola and Haussler,19984:
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Lemma 4.2.1 Let ¢ be the coe cient of the solution f (x) of machine (4.3) corre-
sponding to point (x;;Vy;), ¢ 6 0. Let fi(x) be the solution of machine (4.3) found
when point (Xj;y;) is removel from the training set. Then: y;f;(x;) yif (%)
GK (Xi; Xi).

Using lemma4.2.1we can now prove theorem4.2.3.
Pro of of th%orem 4.2.3
Let Fi(x) = [ tfi(t)(x) be the nal madine trained with all initial training data
except(xi;yi). Lemma4.2.1givesthat

X X X
yiFia) =y FP) yi  f O(x) (IR O(xi %) =

t=1 t=1 t=1

X X
= yiF (x)) QOKOXx) ) (YR O @PKOXx)  yiF (X))

t=1 t=1

;[Dherefolraethe leave oneout error P 1 ( yiFi(x)) is not morethan
2 O KO %) yiF(xi)), which provesthe theorem.

Notice that the bound hasthe sameform as bound (4.5): for ead point (X;;V;)
we only needto take into accour its correspnding parametercim and \remove" the
e ects of q-m from the value of F (Xx;).

The cross-alidation error can also be bounded using geometric quartities. To
this purposewe introduce one more parameterthat we call the ensemblemargin (in
cortrast to the margin of a singleSVM). For eat point (x;;Yy;) we de ne its enserble
margin to be simply y;F (x;). This is exactly the de nition of margin in [Shapire et
al., 1994. For any given > O we de ne EE to be the number of training points
with enserble margin < (empirical error with margin ), and by N the set of the
remaining training points - the oneswith enserble margin . Finally, we note by
Dy to bethe radius of the smallestspherein the feature spaceinducedby kernelK

certered at the origin containing the points of madine t with ci(t) 6 0 and enserble
margin larger than (in the caseof SVM, theseare the support vectors of madine
t with enserble margin larger than ). A simple consequencef theorem4.2.3and
of the inequality K W(x;;x;) D , for points x; with ¢ & 0 and ensenble margin
yiF (%) is the following:

Corollary 4.2.1 For any > 0 the cross-validationerror L ((Xi;y1);:::(x+;y-)) of
a kernel machinesensemblds upper boundel by:

0 1

L ((xi;ya);:::(x;y)) EE +1d tDE()(X A (4.10)
i2N

t=1

Pro of:
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F)For ead training point (X;i;y;) with enserble marginy;F (xj) < weupper bound
(L, PKOxiix)  yiF(xi)) with 1 (this is atrivial bound). For the remaining
points (the points in N ) we shaw that:
|

1 X '
= (UK O (x5 i) (4.11)

(XT IR O X)) yiF (X))

t=1 t=1

it L, cOKOxix)  yiF (x;) < 0 then (trivially):
|
! X
GOKO;x)  yiF(xi) =0 = (VKO x):

t=1 t=1

On the other hand, if P T @K Oxi:x) viF(x) Othen

(XT GOKO(xi;xi)  yiF(x) = 1

t=1
while
O X oo
G K (Xirxi)  viF(xi) ) - g KP(Xx;%) L
t=1 t=1
Soin both casednequality (4.11) holds. Therefore:
o 0 . 1
X 1 _X
(@'KOMix) wF(x) EE +-@ K O (xisx) VA
i=1 t=1 i2N t=1
o><T 1
1 X
EE + @ D2,(" d")A
t=1 i2N

which provesthe corollary.

Notice that equation (4.10) holds for any > 0, sothe best bound is obtained
for the minimum of the right hand sidewith respectto > 0. Using the Luntz and
Brailovsky theorem, theorems4.2.3 and 4.2.1 provide bounds on the generalization
performanceof generalkernel macinesensembleslike that of theorem4.2.2.

We now considerthe particular caseof SVM ensenbles. In this case,for example
choosing = 1 (4.10) becomes:

Corollary 4.2.2 The leave-one-outerror of an ensembleof SVMs is upper bounded
by:
X D2
L ((Xisya);iii(xsy))  EEi+ t—t; (4.12)
t=1
whee EE; is the margin empirical error with ensemblemargin 1, D, is the radius of
the smalest sphee centered at the origin, in the feature space induced by kernelK ®,
containing the supprt vectors of machinet, and  is the margin of SVM t.
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o P p.
This is becauseclearly D;  Dyy for any , and  ;,n c” V= L (see
t

[Vapnik, 1994 for a proof of this equality). A number of remarkscan be made from
equation (4.12).

First notice that the generalizationperformanceof the SVM enserble now de-
pendson the \average" (convex combination of) B2 of the individual madines. In

somecaseshis may be smallerthan the D’ ofa single SVM. For example,suppose
we train many SVMs on di erent subsamplesf the training points and we want to

comparesud an enserble with a single SVM using all the points. If all SVMs (the

singleone, as well asthe individual onesof the ensernble) use most of their training

points assupport vectors,then clearly the D2 of ead SVM in the ensenble is smaller
than that of the single SVM. Moreover the margin of eatch SVM in the enserble is

expectedto be larger than that of the single SVM usingall the points. Sothe \aver-

age" D in this caseis expectedto be smallerthan that of the single SVM. Another

casewherean enserble of SVMs may be better than a single SVM is the onewhere
there are outliers amongthe training data: if the individual SVMs are trained on

subsamplesf the training data, someof the madines may have smaller D? pecause
they do not use someoutliers. In generalit is not clear when enserbles of kernel

madines are better than single machines. The boundsin this sectionmay provide

someinsight to this question.

Notice alsohow the enserble margin plays a role for the generalizationperfor-
manceof kernel macine ensembles. This margin is also shavn to be important for
boosting [Shapireet al., 1994. Finally, notice that all the results discussecdhold for
the casethat there is no bias (threshold b), or the casewherethe biasis included in
the kernel (as discussedn the introduction). In the experimerts discussedelov we
usethe results also for caseswherethe bias is not regularized,which is commonin
practice. It may be possibleto userecen theoretical results [Chapelle and Vapnik,
1999 on the leave-one-outbounds of SVM when the bias b is taken into accourt in
order to study the generalizationperformanceof kernel madinesensemleswith the
bias b.

4.3 Exp eriments

Totest how tight the boundswe presened are, we conducteda number of experimerts
using datasetsfrom UCI?, aswell asthe US Postal Service(USPS) dataset [LeCun
et al., 1989. We show resultsfor someof the setsin gures 4-1-4-5. For eah dataset
we split the overall setin training and testing (the sizesare shavn in the gures) in
50di erent (random) ways, and for eat split:

1. Wetrained oneSVM with b= 0 usingall training data, computedthe lease-one-
bound given by theorem 4.2.1, and then compute the test performanceusing
the test set.

2. We repeated(1) this time with with bé 0.

LAvailable from http://www.ics.u  ci. edu/ mlearn/MLReposito ry .h tml
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3. We trained 30 SVMs with b= 0 ead using a random subsampleof size 40% of
the training data (bagging), computed the leave-one-twund given by theorem

4.2.3using = 3% and then compute the test performanceusing the test set.

4. We repeated(3) this time with with bé 0.

We then averagedover the 50 training-testing splits the test performancesand the
leave-one-outbounds found, and computed the standard deviations. All madines

kx yk2

were trained using a Gaussiankernel K (x;y) = ez , and we repeatedthe proce-
dure for a number of di erent 's of the Gaussian,and for a xed C (show in the
gures). We show the averagesand standard deviations of the resultsin the gures.
In all gures we usethe following notation: top left gure: baggingwith b= 0; top
right gure: single SVM with b = 0; bottom left gure: baggingwith b 6 0; and
bottom right gure: single SVM with b & 0. In all plots the solid line is the mean
test performanceand the dashedline is the error bound computed using the leave-
one-out theorems(theorems4.2.1 and 4.2.3). The dotted line is the validation set
error discussedelown. For simplicity, only oneerror bar (standard deviation over the
50 training-testing splits) is shovn (the otherswere similar). The cost parameterC
usedis given in eat of the gures. The horizortal axis is the natural logarithm of
the of the Gaussiankernel used,while the vertical axis is the error.

Breast Cancer data (C=0.5, Train= 200, Test = 77)
Bag l-0-0, b=0 svm |-0-0, b=0
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sigma sigma

Figure 4-1: Breast cancerdata: seetext for description.

An interesting obsenation is that the bounds are alwaystighter for the case of
baggingthan they are for the caseof a singleSVM. This is an interesting experimertal
nding for which we do not have a theoretical explanation. It may be becausethe
generalizationperformanceof a madine is related to the expected leave-one-outerror
of the madhine [Vapnik, 1994, and by combining many macinesead usingadi erent
(random) subsetof the training data we better appraximate the \expected" leave-
one-outthan we do whenwe only computethe leave-one-outof a singlemadiine. This
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Thyroid data (C=0.5, Train= 140, Test = 75)
Bag l-0-0, b=0 svm I-0-0, b=0
0.3 0.3
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Figure 4-2: Thyroid data: seetext for description.

nding can practically justify the useof enserbles of madinesfor model selection:
parameterselectionusing the leave-one-outboundspresered in this chapter is easier
for ensembles of machinesthan it is for single madines.

Another interesting obsenation is that the boundsseemto work similarly in the
casethat the bias b is not 0. In this case,as before, the bounds are tighter for
ensenbles of madinesthan they are for singlemadines.

Experimertally we found that the bounds presened here do not work well in
the casethat the C parameter usedis large. An exampleis shovn in gure 4-6.
Consider the leave-one-outbound for a single SVM given by theorem 4.2.1. Let
(xi:yi) be a support vector for which yif (x;) < 1. It is known [Vapnik, 1999 that
for these support vectorsthe coecient ¢ is C. If C is sud that CK (xj;x;) > 1
(for exampleconsiderGaussiankernelwith K (x;x) = 1 and any C > 1), the clearly

(CK (xi;xi) Vif (Xxj)) = 1. In this casethe bound of theorem4.2.1e ectively cournts
all supprt vectors in the margin (plus someof the oneson the margin - yf (x) = 1).
This meansthat for \large" C (in the caseof Gaussiankernelsthis canbe for example
for any C > 1), the boundsof this chapter e ectively are similar (not larger than) to
another known leave-one-outbound for SVMs, namely one that usesthe number of
all support vectorsto bound generalizationperformance[Vapnik, 1999. Soe ectively
the experimertal results showv that the number of supprt vectors does not provide a
gad estimate of the genealization performanc of the SVMs and their ensembles

4.4 Validation set for model selection

Instead of using boundson the generalizationperformanceof learning madineslike
the onesdiscussedabove, an alternative approad for model selectionis to use a
validation setto choosethe parametersof the madines. We consider rst the simple
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Diabetes data (C=0.5, Train= 468, Test = 300)
Bag l-0-0, b=0 svm |-0-0, b=0
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Figure 4-3: Diabetesdata: seetext for description.

casewhere we have N madines and we choosethe \b est" one basedon the error
they make on a xed validation setof sizeV. This canbe thought of asa special case
wherewe considerasthe hypothesisspaceto be the setof the N madines,and then
we \train" by simply picking the madine with the smallest\empirical” error (in this
casethis is the validation error). It is known that if VE; is the validation error of
macdine i and TE; is its true test error, then for all N madines simultaneously the
following bound holds with probability 1 [Devroye et al., 1996,Vapnik, 1994:

S
log(N) log(3)
\%

So how \accurately” we pick the best madine using the validation set depends,
as expected, on the number of madines N and on the size V of the validation
set. The bound suggeststhat a validation set can be usedto accurately estimate
the generalizationperformanceof a relatively small number of madines (i.e. small
number of parametervaluesexamined),as doneoften in practice.

We usedthis obsenation for parameterselectionfor SVM and for their ensenbles.
Experimertally we followed a slightly di erent procedurefrom what is suggestedoy
bound (4.13): for eath madhine (that is, for eatr  of the Gaussiankernelin this case,
both for a single SVM and for an ensenble of madines)we split the training set (for
ead training-testing split of the overall dataset as descriked above) into a smaller
training set and a validation set (70-30%respectively). We trained eady madine
using the new, smaller training set, and measuredthe performanceof the madine
on the validation set. Unlike what bound (4.13) suggestsjnstead of comparing the
validation performancefound with the generalizationperformanceof the macines
trained on the smallertraining set (which is the casefor which bound (4.13) holds),
we comparedthe validation performancewith the test performanceof the madine
trained usingall the initial (larger) training set. This way we did not haveto useless

TE, VE + (4.13)
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Heart data (C=0.5, Train= 170, Test = 100)
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Figure 4-4: Heart data: seetext for description.

points for training the machines which is a typical drawbad of using a validation
set, and we could comparethe validation performancewith the leave-one-outbounds
and the test performanceof the exactsamemacdinesusedin the previoussection.

We show the results of theseexperimerts in gures 4-1-4-5:seethe dotted linesin
the plots. We obsene that althoughthe validation error is that of a machinetrained
on a smaller training set, it still providesa very gaod estimateof the test performance
of the machinestrained on the wholetraining set In all casesjncluding the caseof
C > 1 for which the leave-one-outbounds discussedabove did not work well, the
validation set error provided a very good estimate of the test performanceof the
madines.

4.5 Adaptiv e combinations of classiers

The ensenble kernel madines(4.8) consideredso far are voting conbinations where
the coe cients  in (4.8) of the linear conbination of the madinesare xed. We now
considerthe casewherethesecoe cien ts are alsolearnedfrom the training subsets.
In particular we considerthe following architecture:

A number T of kernelmadinesis trained asbefore(for exampleusingdi erent
training data, or di erent parameters).

The T outputs (real valuedin the experimerts, but could alsobe thresholded-
binary) of the macdinesat eadt of the training points are computed.

A linear madine (i.e. linear SVM) is trained using as inputs the outputs of
the T madineson the training data, and aslabelsthe original training labels.
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Postal data (C=0.5, Train= 791, Test = 2007)
Bag |-0-0, b=0 svm |-0-0, b=0
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Figure 4-5: USPSdata: seetext for description.

The solution is usedas the coe cients  of the linear combination of the T
madines.

Notice that for this type of madinesthe leave-one-outbound of theorem 4.2.3does
not hold sincethe theorem assumesxed coe cients ;. A validation set can still
be usedfor model selectionfor these madiines. On the other hand, an important
characteristicof this type of ensemblesis that independert of what kernels/parameters
eat of the individual madines of the enserble use, the \second layer" madine
(which nds coe cients ) usesalways a linear kernel. This may imply that the
ovenall architecture may not be very sensitiveto the kernel/parametersof the machines
of the ensemble This hypothesisis experimertally tested by comparinghow the test
performanceof this type of macineschangeswith the of the Gaussiankernelused
from the individual madines of the ensenble, and comparedthe behavior with that
of single machines and enserbles of machineswith xed . Figure 4-7 shavs two
example. In the experimerts, for all datasetsexceptfrom one,learningthe coe cien ts
¢ of the combination of the macinesusinga linear madine (a linear SVM is usedin
the experimerts) madethe overall madine lesssensitiveto changesof the parameters
of the individual madines( of the Gaussiankernel). This canbe practically a useful
characteristic of the architecture outlined in this section: for examplethe choice of
the kernel parametersof the madinesof the ensemblesneednot be tuned accurately

4.6 Ensembles versus single machines

Sofar we concettrated on the theoretical and experimertal characteristicsof ensem-
blesof kernelmadines. We now discusshow ensenmblescomparewith singlemadines.

Table 4.1 shows the test performanceof one SVM comparedwith that of an
ensenble of 30 SVMs conbined with ; = 3% and an ensenble of 30 SVMs conmbined
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Postal data (C=100, Train= 791, Test = 2007)
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Figure 4-6: USPSdata: usingalarge C (C=50). In this casethe boundsdo not work

- seetext for an explanation.

using a linear SVM for someUCI datasets(characteristic results). We only consider
SVM and ensembles of SVMs with the thresholdb. The table shovs meantest errors
and standard deviations for the best (decided using the validation set performance
in this case)parametersof the madines( 's of Gaussiansand parameterC - hence
di erent from gures 4-1-4-5which wherefor a given C). As the results shaw, the
best SVM and the best ensembles we found have about the sametest performance.
Therefore, with appropriate tuning of the parametersof the madines, conbining
SVM's doesnot leadto performanceimprovemert comparedto a single SVM.

|Dataset | SVM | VCC | ACC |
Breast 255 43|256 45 25 4
thyroid 51 25|51 21| 46 27
diabetes|| 23 16 | 23.1 14| 23 1.8
heart 154 3 159 3 [159 3.2

Table 4.1: Averageerrors and standard deviations (percertages) of the \b est" machines
(best of the Gaussiankernel and best C) - chosenaccording to the validation set per-
formances. The performancesof the madines are about the same. VCC and ACC use 30
SVM classi ers.

Although the \b est” SVM and the \b est" enserble (that is, after accurate pa-
rametertuning) perform similarly, animportant di erence of the ensenblescompared
to a single madine is that the training of the ensenble consistsof a large number
of (parallelizable) small-training-set kernel machines - in the caseof bagging. This
implies that onecan gain performancesimilar to that of a singlemadine by training
mary faster machinesusing smallertraining sets. This canbe an important practical
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Figure 4-7: When the coe cien ts of the secondlayer are learnedusing a linear SVM
the systemis lesssensitive to changesof the of the Gaussiankernel usedby the
individual madinesof the enserble. Solid line is one SVM, dotted is enserble of 30
SVMswith xed = 3—10 and dashedline is ensenble of 30 SVMswith the coe cien ts

¢ learned. The horizontal axis shows the natural logarithm of the of the Gaussian
kernel. Left is the heart dataset, and right is the diabetesone. The threshold b is
non-zerofor theseexperimerts.

advantage of ensenbles of madines esgecially in the caseof large datasets. Table
4.2 comparesthe test performanceof a single SVM with that of an enserble of SVM
ead trained with aslow as 1% of the initial training set (for one dataset). For xed

¢ the performancedecrease®nly slightly in all cases(thyroid, that we showv, was
the only datasetfound in the experimerts for which the changewas signi cant for
the caseof VCC), while in the caseof ACC ewen with 1% training data the perfor-
mancedoesnot decreasethis is becausehe linear madine usedto learn coe cien ts

¢ usesall the training data. Even in this last casethe overall madine can still
be faster than a single macdine, since the secondlayer learning macdine is a lin-
ear one, and fast training methods for the particular caseof linear madines exist
[Platt, 1999. Finally, it may be the casethat enserbles of madines perform bet-

[Dataset [VCC 10% ]| VCC 5% | VCC 1%] SVM |

Diabetes 23.9 26.2 - 23 1.6
Thyroid 6.5 22.2 - 51 25
Faces 2 2 5 A
\ Dataset H ACC 10% \ ACC 5% \ ACC 1% H SVM \
Diabetes 24.9 24.5 - 23 1.6
Thyroid 4.6 4.6 - 51 25
Faces A 2 2 A

Table 4.2: Comparison between error rates of a single SVM v.s. error rates of VCC and
ACC of 100 SVMs for di erent percenages of subsampleddata. The last dataset is from
(Osunaet al., 1997).

ter [Osunaet al., 19971 for someproblemsin the presenceof outliers (as discussed
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above), or, if the enserble consistsof madines that use di erent kernels and/or
di erent input features, in the presenceof irrelevant features. The leave-one-out
bounds presetted in this chapter may be usedfor nding thesecasesand for bet-
ter understandinghow baggingand generalensenble methods work [Breiman, 1996,
Shapireet al., 1994.

4.7 Summary

This chapter presered theoretical bounds on the generalizationerror of voting en-
senbles of kernel madines. The results apply to the quite generalcasewhere eat
of the madinesin the ensenble is trained on di erent subsetsof the training data
and/or usesdi erent kernelsor input features. Experimertal results supporting the
theoretical ndings have beenshovn. A number of obsenations have beenmadefrom
the experimerts:

1. The leave-one-outboundsfor ensernbles of madineshave a form similar to that
of singlemadines. In the particular caseof SVMs, the boundsare basedon an
\average"geometricquartity of the individual SVMs of the enserble (average
margin and averageradius of the spherecortaining the support vectors).

2. The leave-one-outboundspreseted are experimertally foundto betighter than
the equivalert onesfor single madines.

3. For SVM, the leave-one-outboundsbasedon the number of support vectorsare
experimenrtally found not to be tight.

4. It is experimentally found that a validation set can be usedfor accuratemodel
selectionwithout having to decreasethe size of the training set usedin order
to createa validation set.

5. With accurateparametertuning (model selection)single SVMs and ensenbles
of SVMs perform similarly.

6. Ensenbles of machines for which the coe cients of combining the madines
are also learnedfrom the data are lesssensitive to changesof parameters(i.e.
kernel) than singlemadiinesare.

7. Fast (parallel) training without signi cant lossof performancerelatively to sin-
gle whole-large-training-setmadines can be adieved using ensenbles of ma-
chines.

A number of questionsand researb directionsare open. An important theoretical
guestionis how the boundspreserted in this chapter canbe usedto better characterize
enserblesof madchinessud asbagging[Breiman, 1994. On the practical side,further
experimerts using very large datasetsare neededio support the experimertal nding
that the enserbles of madines can be usedfor fast training without signi cant loss
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in performance.Finally, other theoretical questionsare how to extend the boundsor
VCC to the caseof ACC, and how to usethe more recer leave-one-outbounds for
SVM [Chapelleand Vapnik, 1999 to better characterizethe performanceof enserbles
of madines.
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Chapter 5

Ob ject Detection: a Case Study on
Representations for Learning

Two important choiceswhen using a kernel madine are that of the data represenation
and of the kernel of the machine. These choicesare clearly problem speci ¢, and a general
method for making them is unlikely to exist. This chapter discussesthe issuesof data
represettation and kernel selectionfor the particular problem of object detection in images.
It presens experimental comparisonsof various image represenations for object detection
using kernel classi ers. In particular it discusseghe useof support vector machines (SVM)
for object detection using asimagerepresetations raw pixel values, projections onto princi-
pal componerts, and Haar wavelets. General linear transformations of the imagesthrough
the choice of the kernel of the SVM are considered. Experiments showing the e ects of
histogram equalization, a non-linear transformation, are preseried. Image represenations
derived from probabilistic models of the classof imagesconsidered,through the choice of
the kernel of the SVM, are also evaluated. Finally, the chapter preserns a feature selection
heuristic using SVMs.

5.1 Intro duction

Detection of real-world objects in images,sud as facesand people,is a problem of
fundamenal importancein many areasof image processing:for facerecognition, the
facemust rst be detectedbeforebeing recognized;for autonomousnavigation, ob-
staclesand landmarks needto be detected; e ective indexing into image and video
databaseselieson the detection of di erent classeof objects. The detection of ob-
jects posesthallengingproblems: the objectsaredi cult to model, thereis signi cant
variety in color and texture, and the badkgrounds against which the objects lie are
unconstrained.

This chapter considersa learning basedapproad to object detection and focuses
on the useof Support Vector Machines (SVM) classi ers [Vapnik, 1999 asthe core
engineof thesesystems[Papageorgiotet al., 19984. A major issuein sud a system
is choosingan appropriate imagerepresetation. This chapter preseits experimertal
results comparing di erent image represetations for object detection, in particular
for detecting facesand people.

Initial work on object detection usedtemplate matching approaheswith a set
of rigid templates or handcrafted parameterizedcurves, Betke & Makris[Betke and
Makris, 1999, Yuille, et al.[Yuille et al., 1992. Theseapproahesare di cult to ex-
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tend to more complexobjects sud as people,sincethey involve a signi cant amourt
of prior information and domain knowledge. In recert researb the detection problem
hasbeensolwed using learning-basedechniquesthat are data driven. This approadt
was usedby Sungand PoggidSung and Poggio, 1994 and Vaillant, et al. [Vaillant
et al., 1994 for the detection of frontal facesin cluttered sceneswith similar archi-
tectures later usedby Moghaddamand Pertland [Moghaddamand Pertland, 1995,
Rowley, et al.[Rowley et al., 1995, and Osunaet al.[Osunaet al., 19974. The image
represemations usedwere either projections onto principal componerts (i.e. eigen-
faces[Moghaddamand Pertland, 1999), projections on wavelets, raw pixel values,
or, nally, featuresderived from probabilistic models [Sungand Poggio, 1994. This
chapter comparestheserepresetations, and also links them through the choice of
kernelsin the SVM classi er.

5.2 A trainable system for object detection

The trainable system for object detection usedin this chapter is basedon [Papa-
georgiouet al., 19981 and can be usedto learn any classof objects. The overall
framework hasbeenmotivated and successfullyapplied in the past [Papageorgiouet
al., 19981. The systemconsistsof three parts:

A set of (positive) exampleimagesof the object classconsidered(i.e. images
of frontal faces)and a set of negative examples(i.e. any non-faceimage) are
collected.

The imagesare transformedinto vectorsin a chosenrepresetation (i.e. avector
of the size of the image with the valuesat ead pixel location - below this is
calledthe \pixel" represetation).

The vectors(examples)are usedto train a SVM classi er to learnthe classi ca-
tion task of separatingpositive from negative examples.A new set of examples
is usedto test the system. The full architecture involves scanningan (test)

imageover di erent positionsand scales.[Papageorgiotet al., 1998 hasmore
information.

Two choicesneedto be made: the represetation in the secondstage, and the
kernel of the SVM (seebelow) in the third stage. This chapter focuseson thesetwo
choices.

In the experimerts descrited below, the following data have beenused:

For the face detection systems, 2,429 positive imagesof frontal facesof size
19x19(see gure 5-1), and 13,229negative imagesrandomly chosenfrom large
imagesnot cortaining faceshave beenused. The systemswere tested on new
data consistingof 105 positive imagesand around 4 million negative ones.

For the peopledetection systems,700 positive imagesof peopleof size 128x64
(see gure 5-1), and 6,000negative imageshave beenused. The systemswere
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tested on new data consisting of 224 positive imagesand 3,000 negative ones
(for computational reasonspnly for Figure 5-6 moretest points have beenused:
123 positive and around 800,000negative ones).

= 9 |
LR RaChg
- ]

Figure 5-1: Top row: examplesof imagesof facesin the training database. The
imagesare 19x19pixels in size. Bottom row: examplesof imagesof peoplein the
training database.The imagesare 128x64pixelsin size.

The performancesare comparedusing ROC curves [Papageorgiouet al., 19984
generatedby moving the hyperplane of the SVM solution by changingthe threshold
b (seebelow), and computing the perceriage of false positives and false negatives
for eat choice of b. In the plots presered the vertical axis shows the percenage
of positive test imagescorrectly detected (1 - false negative percertage), while the
horizontal axis shawvs onefalsepositive detection per number of negative test images
correctly classi ed.

5.3 Comparison of representations for face and peo-
ple detection

5.3.1 Pixels, principal components and Haar wavelets

Using the experimertal setup descrited above, experimerts to comparethe discrimi-
native power of three di erent imagerepresetations have beenconducted:

The pixel representation train an SVM using the raw pixel valuesscaledbe-
tweenO and 1 (i.e. for facesthis meansthat the inputs to the SVM madine
are19 19= 36l1dimensionalvectorswith valuesfrom 0 to 1 - beforescalingit
was 0 to 255).

The eigenvetor (principal compnents) representation: computethe correlation
matrix of the positive examples(their pixel vectors)and nd its eigervectors.
Then project the pixel vectors on the computed eigervectors. We can either
do a full rotation by taking the projections on all 361 eigervectors, or usethe
projections on only the rst few principal componerts. The projections are
rescaledto be betweenO and 1.
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The waveletrepresentation: considera set of Haar wavelets at di erent scales
and locations(seeFigure 5-2), and computethe projections of the imageon the
chosenwavelets. For the face detection experimerts all wavelets (horizontal,
vertical and diagonal) at scales4 4 and 2 2 have beenused, since their
dimensionscorrespnd to typical featuresfor the size of the face imagescon-
sidered. This givesa total of 1,740coe cien ts for eat image. For the people
detectionsystemwaveletsat scales32 32and 16 16 shifted by 8 and 4 pixels
respectively have beenconsidered.This givesa total of 1,326coe cients. The
outputs of the projections wererescaledto be between0O and 1.

(€Y (b) (©)

Figure 5-2: The 3 typesof 2-dimensionalnon-standardHaar wavelets; (a) \v ertical”,
(b) \horizontal", (c) \diagonal".

Exp erimen ts

Figure 5-3 shows the results of the experimerts comparing the represerations de-
scribed above. In all theseexperimerts a secondorder polynomial kernel was used.
The motivation for usingsud a kernelis basedon the experimertal results of [Osuna
et al., 1997a,Papageorgiouet al., 19984. Throughout the chapter, notice the range
of the axisin all the plots in the gures: the rangevariesin orderto show clearerthe
important parts of the curves.

These experimerts suggesta few remarks. First notice that both the pixel and
eigervector represetations give almostidertical results (small di erences dueto the
way the ROC curves are produced are ignored). This is an obsenation that has a
theoretical justi cation discussedbelon. Second,notice that for facesthe wavelet
represetation performsabout the sameas the other two, but in the caseof people,
the wavelet represeration is signi cantly better than the other two. This is a nding
that was expected [Papageorgiouet al., 1998b,Oren et al., 1997: for peoplepixels
may not be very informative (i.e. people may have dierent color clothes), while
wavelets capture intensity di erences that discriminate peoplefrom other patterns
[Papageorgiouet al., 19984. On the other hand, for facesat the scaleused, pixel
values seemto capture enoughof the information that characterizesfaces. Notice
that all the three represerations consideredso far are linear transformations of the
pixels represetation. This takesus to the next topic.
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Figure 5-3: ROC curvesfor face(top) and people(bottom) detection: solid lines are
for the wavelet represetation, dashedlines for pixel represetation, and dotted line
for eigervector represetation (all 361 eigervectors).

5.3.2 Linear transformations and kernels

As presetted in chapter 3, a key issuewhen usinga SVM (and generallyany kernel
madine) is the choice of the kernel K in equation (3.5), namely:

X

f(x)=  aKX:xi); (5.1)

i=1
The kernel K (xj;X;) de nes a dot product between the projections of two inputs
Xi; Xj, in a feature space(seechapter 3). Thereforethe choice of the kernel is very
much related to the choice of the \e ectiv e" imagerepresetation. Sowe can study
di erent represetations of the imagesthrough the study of di erent kernelsfor SVM.
In particular there is a simplerelation betweenlinear transformations of the orig-
inal images,sud as the onesconsideredabove, and kernels. A point (image) x is

matrix (we canthink of the featuresg asthe result of applying a setof linear lters to
the imagex). If the kernelusedis a polynomial of degreem? (asin the experimerts),

1Generally this holds for any kernel for which only dot products betweeninput argumerts are
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then K (xi;x;) = (1+x7 %)™, whileK(gi;9;) = (1+ g7 g;)™ = (1+ x7 (A~ A)x;)™.
Sousing a polynomial kernelin the \ g" represetation is the sameas using a kernel
(1+ x7 (A~ A)x;)™ in the original one. This implies that one can considerany linear
transformation of the original imagesby choosingthe appropriate squarematrix ATA
in the kernelK of the SVM.

As a consequencef this obsenation, we have a theoretical justi cation of why
the pixel and eigervector represetations lead to the sameperformance:in this case
the matrix A is orthonormal, therefore ATA = | which implies that the SVM nds
the samesolution in both cases.On the other hand, if we chooseonly someof the
principal componerts (like in the caseof eigenface4Turk and Pertland, 1991), or if
we project the imagesonto a non-orthonormal set of Haar wavelets, the matrix A is
no longer orthonormal, sothe performanceof the SVM may be di erent.

5.3.3 Histogram Equalization

We now discussthe experimertal nding that histogram equalization(H.E.), a non-
linear transformation of the \pixel" represeration, improvesthe performanceof the
detection system. Given an image, H.E. is performedin two steps: rst the pixel
values(numbering O to 255) are grouped into the smallestnumber of bins sothat the
distribution of the number of pixelsin the imageis uniform amongthe bins; then we
replacethe pixel valuesof the original imagewith the values(rank) of the bins they
fall into. More information on H.E. can be found in the literature (i.e. [Jain, 1989).
Figure 5-5 shows an image of a faceusedfor training, and the samefaceafter H.E.

Experimerts with the object detection systemusingthe aforemenioned represen-
tations have beenconducted,this time after performing H.E. on ewery input image.
Only for the wavelet represeration, instead of projecting histogram equalizedimages
on the chosenwavelets, we transformedthe outputs of the projections of the original
imageson the wavelets using a sigmoid function. This operation is (almost) equiva-
lent to rst performing H.E. and then projecting on the wavelet Iters the histogram
equalizedimage (assumingGaussian-lile histogram of the original image). Figure 5-4
shows the performanceof the detection system. Both for face and peopledetection
the performanceincreaseddramatically.

H.E. hasbeenextensiwely usedfor imagecompressiorandin this caseit is straight-
forward to shawv that H.E. is a form of Vector Quartization [Gershoand Gray, 1991
andis an e ective coding scheme. Classi cation is howewer di erent from compression
and it is an open questionof why H.E. seemgo improve so much the performanceof
the SVM classi er. Hereis a conjecture:

Supposethat a transformation satis es the following two conditions:

it is a legal transformation of the input vector, that is it presenesthe class
label,

it increaseghe erntropy of the input set, leadingto a more compressedepre-
senation.

needed- i.e. alsofor Radial Basis Functions.
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It is a conjecture that sud a transformation will improve the performanceof a
SVM classi er.

Notice that H.E. is a transformation of the imagesthat satis es the above con-
ditions: i.e. facesremain faces,and non-facesremain non-faces(of courseone can
designimageswhere this does not hold, but sud imagesare very unlikely and are
not expectedto exist amongthe onesusedfor training and/or testing). Moreover
H.E. leadsto a morecompressedepresetation of the images(in terms of bits needed
to descrilke them). Of coursethe rst condition relieson prior information. In the
caseof H.E. applied to imagesit is known a priori that H.E. is a transformation
embedding "illumination invariance": imagesof the sameface under di erent il-
luminations can be mapped into the samevector under H.E. Thus performing an
H.E. transformation is roughly equivalert to using a larger training set cortaining
mary "virtual examples"generatedfrom the real examples[Girosi and Chan, 1995,
Vetter et al., 1994 by changingthe global illumination (mainly the dynamic range).
Of coursea larger training setin generalimprovesthe performanceof a classi er. So
this may explain the improvemern of the system.

In the caseof the SVM classi er used, it is likely that H.E. makesthe spaceof
images\more discrete": there are fewer possibleimages. This may correspnd to a
better (more uniform) geometry of the training data (for example,after H.E. there
may be a larger margin betweenthe two classes)that leadsto a better separating
surfacefound by the SVM.

Thus the conjectureclaimsthat H.E. improvesclassi cation performancebecause
it does not change, sa, facesinto non-faces: this is \a priori" information about
the illumination invariance of faceimages. H.E. exploits this information. One may
be able to formalize this either through a compressionargumen, or through the
equivalencewith virtual face examples,or possibly through a geometricargumern.
This \a priori" information is true for faceand peopleimages,but may not hold for
other ones,in which caseH.E. might not improve performance. In general,because
of the sameargumernts outlined above, it is expected that any transformation of
the original imagesthat \e ectiv ely" takesadvantage of prior information about the
classof imagesconsideredand compressesheir signatures,is expectedto improve
the performanceof the system.

5.4 Input feature selection using SVM

This section addresseghe following questions: can feature selectionimprove per-
formanceof the SVM classi er? can SVM perform well even when many (possibly
irrelevant) featuresare used? One important problem with featuresselectionis the
multiple useof the data: the sametraining setis used rst to train the systemusing
all the features,then to selectthe important features,and nally to retrain the sys-
tem using only the selectedfeatures. The multiple useof training data may lead to
over tting, soit is uncleara priori that selectingfeaturescan improve performance.

In orderto investigatetheseissuesse\eral experimerts wherethe object detection
systemswere trained with di erent numbers of input featureshave beenperformed.
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Figure 5-4: ROC curvesfor face(top) and people(bottom) detectionafter histogram
equalization: solid lines are for the wavelet represetation, dashedlines for the pixel
represemation, and dotted line for the eigervector represetation. The ROC curve
for the wavelet represemation without histogram equalization (like in Figure 5-3) is
also shawn; this is the bottom thick solid line. For people,the bottom thick dashed
line shaws the performanceof pixels without H.E..

To this purposea method for automatically selectinga subsetof the input features
within the framework of SVM hasbeendeweloped.

5.4.1 A heuristic for feature selection using SVM

The idea of the proposedfeature selectionmethod is basedon the intuition that
the most important input featuresare the onesfor which, if removed or modi ed,
the separatingboundary f (x) = 0 changesthe most. Instead of the changeof the
boundary we can considerthe averagechangeof the value of the function f (x) in a
region around the boundary (variations of f will a ect classi cation only for points
near the boundary). To do so, we computethe derivative of f (x) with respect to an
input featurex" and integrate the absolutevalue (we are interestedin the magnitude
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Figure 5-5: An original image of a faceon the left. The sameimageafter histogram
equalizationon the right.

of the derivative) in a volumeV around the boundary:

z
d
r — .
"= VdP(x) -

whereP is the (unknown) probability distribution of the input data. In practice we
cannot compute this quartity becausewe do not know the probability distribution
P(x). Instead we can appraximate |, with the sum over the support vectors:

Nsv d 3 Nsv Nsv

N — =
dxf

GK(xj:x)) : (5.2)

i=1 i=1 j=1

where N, is the number of support vectorsand K" (x;;x;) is the derivative of the
kernelwith respectto the r'™ dimensionevaluated at x;. For examplefor K (x;;x;) =
(1+x; x;)?, thisisequalto K" (xj;x;) = (1+x; x;)x! wherex! isthe r'™ componert of
vector x;. Noticethat this is only an appraximation to the actual derivative: changing
the value of a feature may alsoleadto di erent solution of the SVM, namelydi erent
¢'sin (5.1). We assumethat this changeis small and we neglectit.

To summarize,the feature selectionmethod consistsof computing the quartity in
(5.2) for all the input featuresand selectingthe oneswith the largestvaluesl .

5.4.2 Experiments

For peopledetection, usingthe proposedheuristic, 29 of the initial setof 1,326wavelet
coe cients have beenselected. An SVM using only the 29 selectedfeatures was
trained, and the performanceof the madine was comparedwith that of an SVM
trained on 29 coe cien ts selectedusing a manual method as descrited in [Papageor-
giou et al., 1998[. The results are shovn in Figure 5-6 (bottom plot).

The sameheuristic was also tested for face detection. A total of30 of the initial
1,740wavelet coe cien ts have beenselected and the performanceof an SVM trained
using only these30 featureswas comparedwith the performanceof a SVM that uses
30randomly selectedfeaturesout of the initial 1,740. The performanceof the system
when 500 of the wavelets were chosenis also shavn. Notice that using the proposed
method we can selectabout a third (500) of the original input dimensionswithout

2For separabledata theseare alsothe points nearestto the separatingsurface. For non-separable
data we can take the sum over only the support vectors near the boundary.
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signi cantly decreasingthe performanceof the system. The result is also shown in
Figure 5-6 (top plot). Finally for the eigervector represetation, the systemwas also
tested using few principal componerts. The results are also shovn in Figure 5-6
(middle plot).

From all the experimerts shovn in Figure 5-6 we obsene that SVMs are not
sensitive to large numbers of input dimensions. In fact in all cases,when using all
input dimensions(all wavelets or all eigervectors) the system performed better (or
about the same)than whenusingfew of the input features. This experimertal nding
givesa rst answver, although not generaland theoretical, to the questionsaskedat the
beginning of this section: it con rms the di cult y of the feature selectionproblem,
and indicates that SVMs work well even when the input data are high-dimensional,
by automatically dealingwith irrelevant features.

5.5 Features from probabilistic models

In this sectionwe take a di erent approad to the problem of nding image repre-
senations. Considera speci ¢ classof images(i.e. faces,people,cars) and assume
that they are sampledaccordingto a generatiwe probabilistic model P (xj ), where
indicates a set of parameters. As an exampleconsidera Gaussiandistribution:

1 1

P(xj )= 29 ! exp Q(X x0)” X  Xo) (5.3)

wherethe parameters are the averageimagexo and the covariance .

Recen work [Papageorgiotet al., 19984 shows how the assumptionof a speci ¢
probabilistic model of the form (5.3) suggestsa choice of the kernel { and therefore
of the \features" { to be usedin order to reconstruct, through the SVM regression
algorithm, imagesof facesand people. The relevant featuresare the principal com-
ponens u, of the set of examples(i.e. facesor people)scaledby the correspnding
eigevalues ,. Howewer, [Papageorgiouet al., 19984 left open the questionof what
featuresto choosein order to do classi cation as opposedto regressionthat to dis-
criminate faces(or people)from non-facegnon-people),oncethe probabilistic model
is decided.

Veryrecerly ageneralapproad to the problemof constructing featuresfor classi-
cation starting from probabilistic models describingthe training exampleshasbeen
suggestedJaakkola and Haussler,19984. The choice of the featureswas madeim-
plicitly through the choiceof the kernelto be usedfor a kernelclassi er. In [Jaakkola
and Haussler,1998H a probabilistic model for both the classeso be discriminated
was assumed,and the results were also used when a model of only one classwas
available - which is the casewe have.

Let usdenotewith L(xj ) the log of the probability function and de ne the Fisher
information matrix z

| =  dxP(xj )@L(Xj )@L(Xj );

90



where @ indicates the derivative with respect to the parameter ;. A natural set of
features, i, is found by taking the gradiert of L with respectto the setof parameters,

1@(x] ).
e

Thesefeatureswere theoretical motivated in [Jaakkola and Haussler,19984 and
showvn to lead to kernel classi ers which are at least as discriminative as the Bayes
classi er basedon the given generative model. We have assumedhe generative model
(5.3) and rewritten it with respect to the averageimage x, and the eigervalues
and obtain the setof featuresaccordingto equation(5.4). For simplicity the principal
componerts were kept xed in the model. The featuresobtained in this way were
then usedasa new input represetation in the learning system. The resulting linear
kernel obtained by taking the dot product betweenthe features(dot product for the
implicitly chosenrepresetation) of a pair of imagesx; and x; is:

i(x)=1 (5.4)

. _X\J 1 2 2 .
KXiixj)) = [ 7)) a(x) + sealXi)en(x;)l; (5.5)

n=1

wherec,(X) = (X Xp)”u, and N is the total number of eigervectors(principal com-
ponerts) used. The parametersxy; u,; , wereestimatedusingthe training examples
of faces(or people). Note that the training data were usedmultiple times: oncefor

estimating the parametersof the probabilistic model (5.3), and onceto train an SVM

classi er.

Notice also that the new features are a non-linear transformation of the pixel
represemation and the eigervalues appear in the denominator of ead term in the
kernel. This is not surprising asthe smaller principal componerts may be important
for discrimination: for example,in the problem of facerecognition we expect that to
discriminate betweentwo faces,we canget morebene t by looking at small detailsin
the imagewhich may not be captured by the larger principal componerts. Similarly,
in the problem of face detection, the non-imageclassis expectedto have the same
energyon eadt principal componen, sothe small principal componerts may still be
useful for classi cation. On the other hand, when the goal is to reconstruct or de-
noisethe in-classimages we deal with a regressionype problem;in sud a casethe
top principal componerts capture the most important coe cien ts for reconstructing
the imagesand only few of them needto be consider.

Equation (5.5) indicatesthat only a limited number of principal componerts can
be usedin practice becausesmall |, create numerical instabilities in the learning
algorithm. Se\eral experimerts were performedby changingthe number of principal
componerts usedin the model (seeFigure 5-7). The results were comparedwith
the imagerepresetations discussedabove. Notice that the proposedrepresetation
performs slightly better than the other ones(when 100 principal componerts were
used),but not signi cantly better. It may be the casethat featuresfrom other (more
realistic) probabilistic modelsleadto better systems.
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5.6 Summary

This chapter preserted experimerts for face and peopledetection with di erent im-
agerepresetations and kernelsusing SVM. The main points can be summarizedas
follows:

For face detection, pixels, principal componerts, and Haar wavelets perform
almost equally well.

For peopledetection, the Haar wavelet represetation signi cantly outperforms
the other two.

We can capture all linear transformation of the original imagesthrough the
kernel of the SVM.

For both facesand for people, histogram equalization increasesperformance
dramatically for all the represetations tested. Explanations for this result
were suggested.

A feature selectionmethod was proposedand tested.

New image represetations are derived from generative models. In particular,
starting from a Gaussianmodel for the images(i.e. for faces)suggestedby
the regularization model for regression,new features, that are di erent from
eigenfacesare derived. Thesefeaturesmay have a slight advantage compared
to the other three represetations tested.

A number of questionsand future researt directions are still open. What non-
linear transformationsof the images(other than histogram equalization) canimprove
the performanceof the system? How can we include prior knowledgethrough sud
transformations? It may be possibleto designkernelsthat incorporate sut transfor-
mations/prior knowledge. Regardingthe probabilistic features,it may be interesting
to derive sut featuresfrom other probabilistic models. There is no reasonto believe
that oneGaussianis enoughto model the spaceof facesimages. For examplein [Sung
and Poggio, 1994 a mixture of six Gaussiansvas usedand shavn to be satisfactory
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Figure 5-6: Top gure: solid line is face detection with all 1,740wavelets, dashed
line is with 30 wavelets chosenusing the proposedmethod, and dotted line is with
30 randomly chosenwavelets. The line with 's is with 500 wavelets, and the line
with 'sis with 120wavelets, both chosenusingthe method basedon equation (5.2).
Middle gure: solid line is face detection with all eigervectors, dashedline is with
the 40 principal componerts, and dotted line is with the 15 principal componernts.
Bottom gure: solid line is peopledetection using all 1,326 wavelets, dashedline is
with the 29 wavelets chosenby the method basedon equation 5.2, and dotted line

is with the 29 wavelets chosenin ..
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Figure 5-7: Faceexperimerts: Solid line indicatesthe probabilistic featuresusing 100
principal componerts, dashedline is for 30 principal componerts, and dotted for 15.
The ROC curveswith all wavelets (line with circles) is also shovn for comparison.
Histogram equalizationwas performedon the images.
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Chapter 6

Further Remarks

The rst part of the thesispreserted a framework, basedon the Statistical Learning
Theory (SLT) of Vapnik, within which the problem of learning can be studied and a
largefamily of learningmethods canbe analyzed. Howewer, SLT, althoughit provides
powerful ideasand formal methods for analyzing learning methods, is not the only

approad to learning, as the secondpart of the thesis also suggests.In this second
part, learningwas approaded through the study of an important quartity describing
learning methods, namely the leave-one-outerror. This approad is independen of
the SLT one. It is interesting to study the relations betweenthe two: for example,
how can quartities, sud as VC-dimension,suggestedoy SLT can be usedto better

understandthe behavior of the leave-one-outerror of alearningmadine? Preliminary

studieson this issuehave beenalready done [Kearnsand Ron, 1999, but more work
is needed. Generally it is important to study the relations between SLT and other
approades to learning (i.e. compression-basedpproadhes [Floyd and Warmuth,

1994, the luckinessfunction approad [Shave-Taylor et al., 1994, or the maximum

ertropy approad [Jaakkola et al., 2004) aswell asto dewelop new ones.

6.1 Summary and Contributions

The thesis consistedof three main parts. First (chapter 2) somebasic theoretical
tools were reviewed. In particular, standard Statistical Learning Theory (SLT) and
a technical extensionof it were presened in chapter 2. Within the extendedSLT a
theoretical justi cation and statistical analysisof a large family of learning madines,
namely kernel learning macdines, was provided. Within this family of madines,two
important typeswereanalyzed: Support Vector Machines(SVM) and Regularization
Networks (RN) (chapter 3). In the secondpart of the thesis(chapter 4), the problem
of learning was studied not using the tools of SLT but instead using the leave-one-
out error characterization of learning madines. Using this quartity other learning
architectures, namely enserbles of learning madines, wereinvestigated. Finally, the
last part of the thesis discussedan application of learning to object detection. This
provided a testbedto discusamportant practical issuesnvolvedin usinglearningma-
chines,in particular the problemof nding appropriate data represetations (chapter
5).

The cortributions of the thesis,asoutlined in the introduction, canbe summarized
asfollows:
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1. The thesis reviewed standard Statistical Learning Theory and dewloped an
extensionwithin which a new (uni ed) theoretical justi cation of a number of
kernel madines, including RN and SVM, was provided.

2. Within the extendedSLT framework, new boundson the expectederror (per-
formance) of a large classof kernel madines and particularly SVM, the main
learning macdiines consideredin the thesis, were proven.

3. In the secondpart ensermblesof madineswere studied. Two typesof enserbles
werede ned: voting conbinations, and adaptive combinations. Newtheoretical
results on the statistical properties of voting enserbles of kernel macdines for
classi cation were shavn.

4. The newtheoretical ndings on voting enserbles of madineswere experimen-
tally validated. Both voting and adaptive conbinations of madcineswerefurther
characterizedexperimertally.

5. The third part discussedan important practical issue,namely the problem of
nding appropriate data represerations for learning. A trainable system for
object detection in imagesprovided the main experimertal setup whereideas
were tested and discussed.

6.2 Extensions and conjectures

A number of conjectureshave beensuggestedhroughout the thesis. These,as well
as suggestiondor future researf, are listed below:

A theoretical questionis related to Kolmogorors's lemmasand theorems(the-
orems2.1.1 and 2.1.2, and lemma 2.1.1). As discussedin chapter 2, these
theoremsand lemmasare about hypothesisspaceghat consistof orthants. A
rst questionis whetherlemma?2.1.1canbe extendedto hypothesisspaceson-
sisting of other typesof functions. If that is the case,then one would be able
to prove distribution independern bounds on the distance between empirical
and expected error (in the spirit of theorem 2.1.2and of SLT) for the classof
hypothesisspacedor which lemma2.1.1still holds. That approad could lead
to a new analysisof a classof learning methods.

Conjecturesabout the \extended" SRM: chapters 2 and 3 discusseda number
of conjectureson this framework that are listed again below:

{ From section2.2.1: we conjecture that as (the number of training data)
“ 11, for appropriate choice of (the hypothesisspaceHn in the de ned
structure) n("; ) with n(’; ) ! 1 as ! , the expectedrisk of the
solution of the \extended" SRM method con/ergesm probabllgy to a
value lessthan 2 away from the minimum expectedrisk in H = ., H;.
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{ From section 2.2.1: we conjecture that if the target function f, belongs
to the closureof H, thenas™ ! 1 , with appropriate choicesof , n(’; )
andn (7; ) the solution of the \extended" SRM method can be provento
satisfy eq. (2.4) in probability. Finding appropriate formsof , n("; ) and
n (; ) isanopentheoretical problem (which is mostly a technical matter)

{ From section3.4.4: it is a (simple) conjecturethat a straightforward ap-
plications of the methods usedto extend theorem 3.4.5to0 3.4.6 can also
be usedto extendthe boundsof chapter 2 to the casewhereA is not xed
(and thereforehold for all f with kf ki < 1).

Quartities characterizing kernel madines: a standard quartity usedto study
kernel madines is that of the margin. The margin has been also studied in
the framework of \luc kinessfunctions" [Shave-Taylor et al., 1999 and boost-
ing [Shapireet al., 1999. A possibledirection of researt is towards nding
other (geometric) quartities (or luckinessfunctionsin the framework of [Shave-
Taylor et al., 1999) that descrike learning methods. The radius of the support
vectors, as discussedn chapter 4, is sud a quartity, but others may be more
appropriate.

Compressionand learning: as mertioned in chapter 4, an estimate of the ex-
pected error of an SVM is given in terms of the number of support vectors
[Vapnik, 19949. The support vectors can be seenas a compresseé representa-
tion of the training data. In fact, if one deletesthe non-support vectors and
trains an SVM using only the support vectors,onegetsthe exact samesolution
(sameclassi er) [Vapnik, 1999. Therefore,the generalizationerror of an SVM

is closelyrelated to the compressionachieved measuredas the percenage of
training data that are support vectors (in fact it is only the essetial support

vectorsthat areimportant [Vapnik, 1998). This is a particular casewherethe
performanceof a classi er is related to a form of compression,the compres-
sion of the training data, called samplecompression This statemen can be
rephrasedin terms of bits usedto descrite the data: for ~ training data one
needs’ bits. If n is the samplecompressionof a learning madine, then one
needsonly n bits to descrilke the training data without in uencing the classi er.

It hasbeengenerallyshavn that for any classi er, if onecan nd n out of the

training data sud that retraining the classi er using only thosen points leads
to the exact samesolution with the onefound usingall ~ training points, then
the generalizationperformanceof the learning madine is related to the sample
compressionrate ? [Floyd and Warmuth, 1995. From a di erent point of view,
the complexity of a hypothesisspacecan alsobe seenin the framework of com-
pression:the growth function (V C-dimension)of a hypothesisspacee ectively
measureshow marny functions there are in the hypothesisspace therefore how
mary bits one needsto erumerate thesefunctions. Again, the performanceof
a learning macine dependson the complexity of the macdine, which implies
that it depends(as in the caseof samplecompression)on the number of bits

requiredto descrike the hypothesisspaceof the madine. Insteadof using " bits
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to descrike the data, we only needh bits to descrike the function correspnding
to the data, where h is the number of bits required to descrike the hypothe-
sis space(the complexity of the space). Accordingto SLT, the generalization
performanceof a learning maciine dependson the ratio of the complexity of
the hypothesis spaceover the number ~ of training data, which is similar to

the aforemerioned samplecompressiorrate 2: in both caseshe performance
of the learning madine dependson the compressioradieved (instead of using
" bits to descrike the data we usen in the rst caseor h in the second). An

interesting questionisto nd the relation betweenthe samplecompressiorrate
of a classi er and the complexity (i.e. VC-dimension)of the hypothesisspaceH

that the classi er uses:onewould expect that the samplecomplexity of a learn-
ing madine is related to the complexity (i.e. VC dimension) of the madine
(this is shavn to bethe casein [Floyd and Warmuth, 1994 for a particular type
of hypothesisspaces). The direction of relating notions of compressionbe it

sample compressionor compressedepresetations of hypothesis spaces,with

the performanceof a learning macdine is an open one that may lead to new
ideasand views on learning.

Learningwith enserblesversussinglemacdines: a questionleft openin chapter
4 is whetherthe boundson the expectederror of ensenble madinesderived can
be usedto descrile underwhich conditionsensenblesof madinesis expectedto
work better than singlemadines. It may be possibleto show that the \average
geometry” (averageD over ) is better than the geometry(D over ) of asingle
madine - for examplein the casethat the training data cortain alot of outliers.

In chapter 5, a conjecture about the in uence of data transformations on the
performanceof alearningmethod hasbeenmade. In particular, givendataD-
f(xi;yi) 2 X Yg_, and atransformation g(x) (i.e. histogram equalizationof
images,as discussedn chapter 5), we conjecturethe following:

Supposethat a transformation g satis es the following two conditions:

{ it isalegaltransformation of the input vector, that is it presenesthe class
label: if x haslabely, then g(x) hasthe samelabel y;

{ it increasesthe entropy of the input set, leading to a more compressed
represetation.

It is a conjecture that sud a transformation will improve the performanceof
a learning method (classi er). It may be possibleto approad this conjecture
within the recerily deweloped Maximum Entropy Discrimination (MED) frame-
work for learning [Jaakkola et al., 2004.

Finally, starting from the conjectureabove, and possiblywithin the MED frame-
work, it is important to further study the twin problemsof data represetation
and learning in a more principled way. It is commonexperiencethat the choice
of a\good" data represetation is asimportant asthe (closely related) choice
of the learning method used(as chapter 5 alsodiscussed).
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