























































































































Type Assignment 9
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Exr

5.1.

5.2.
5.3.

5.4.

5.5.

Introduction to Lambda Calculus

(i) Give a derivation of
FSK: (a—f)—=(a—a).

(ii) Give a derivation of
F Kl : = (a—a).
(iii) Sho that A SK: (a—p3—p).
(iv) Find a common f-reduct of SK and KI. What is the most general type for
this term?
Sho that Az. zz and Kl(Az.zx) have no type in A—.

Find the most general types (if they exist) for the follo ing terms.
(i) Azy.zyy.

(ii) SIL.

(iii) Azy.y(Az.z(yx)).

Find terms M, N € A such that the follo ing hold in A—.

(i) FM:(a=p8)=(8—=y)=(a=y).

(ii) FN:(((a=B)—=B)—f)—(a=p).

Find types in A2 for the terms in the exercises 5.2 and 5.3.



Chapter 6

Extensions

n Cater eae een tat ao ta e mntion an e ere e
n te aa, or reaon oe fi ien rda it a n o n enien e
ti an aei eeten e e et o ter 1 e eten eit
on tant oeoteo n tant are ecte to rere entri itieata
an er an oeration onte e a aitio n oe ne re tion
r e te o= r e areintro e toere te oeratio na emanti
ote eoeration. e nite eo ntant an oeratio n an eimme nte
in tem aa it i ortie toaerimitie m o ortem.
ereaoni tatinanimme ntationote am aa aitio note
C r nmera rn e effiienttante alrame ntation in ar are
oaitio mno inar rere ente nm er. ain n mera an aitio na
rimitie tereorereate teo 1 iit to1 nterrete te e effi ient
romno on ea® o ntant in term . Let C ea et oo n tant.

6D e et o bd e w hc notation C i
efinein tiea ®
CC = C C
vV = C
N C = N C
C vV = C

1 efinition iena ana trat ntai a ®

cC C|V] €C C|V C

6D dre tion. Let XC C ea etm € normaorm
U aetae X CC . Let f Xk e an ‘eter naefi ne’ n tion. n
orer torere ent f a oz I ema eaetote a . ii
onea

elao0 ntantinCi etea n i ien omename a Of .

ew i n o ntratio nr e areae toto eote a

] e f k

or k X.
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42 Introduction to Lambda Calculus

ote tator aie n ntion fti i not oneo ntratio nr e tin at
ar eche . ere tin etenion ote a i e d. e
orre on in notiono one te re tioni enote 5 5

o dre tioni notana o tenotion tee n onteoieo f-
6 THM G.Mit e . Le f be fuc ¢ ed f
Theheeu f educ s fiehe C huchle p
ey

@ srom heorem .. in arendret 184
he notion 0 normaorm enerdases to  d normaorm . o does the

on ept oletmost re duction. he ¢§ normalorms can be ound by a letmost
reduction notation 4 4.

61 THM If sN dN 6 f, he ¢ s N.
naloo us to the proo ot he theoreror normalorms 4.
6 EXMPL ne ot he firstersio ns oa &r wule is in Church 141 . ere

X is the set o all closed normalorms a nd or N X ehae

0c N true i
6c N false i

N

N.
nother possible set odr wules isor t he o oleans.

® ExMPL h eolloi n constants are selected in C.

true false not andi te or f he e e.

hoollo in 6r ules are introduced.

not true false
not false true
and true true true
and true false Jalse
and false true Jalse
and false false Jalse
ite true true =
ite false false =
tollos t hat
ite true

ite false
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oei ntroduce as ér ules some operations on the set oi nteers

Z ... - =101
6 7 EXMPL oreach n Z a constant in C is selected and ien the name
n. ( eillepresst hisasollos oreachn Z aconstant n  C is chosen.

Moreoer t heollo in constants in C are selected
plusm inus timesdivid e equal error.

hen e introduce theollo in & ules (schemes . orm n Z

plusnm n+m
minus nm n—m
timesnm nxm
dividenm n+-m im 0
dividen 0 error
equalnn true
equalnm false i n m.

e may add rules lie
plusn error  error.

imilar ér ules can be introduced or the set oreals .
ain another set odr ules is concerned ith characters.

@B EXMPL Let ¥ be some linearly ordered alphabet. or each symbol
s X e choose a constant ‘s C . Moreo er e chooseto constants d. and
0_ in C and ormulate theollo in dr ules.

d.'s "'so’ true i s precedes so in the orderin o X
d.'s sy’ false other ise .
0_‘s sy’ true 1s S9
0_‘'s "'so’ Jalse other ise .

t is also possible to represent ‘multipleal ued’ unctions F' by puttin as
ér ule

on m pro ided that F(n  m.

course the resultin A calculus does not satis y the Church Rosser theorem

and can be used to deal it h non deterministic computations. eill not
pursue this possibility, ho eer .

e can ete nd the type assi nment system A  to deal it h constants by
addin typin =z o theorm

C



44 Introduction to Lambda Calculus

or the system ith inteers t his o uld result in theolloi n . Let Z B B
be basic type constants ( ith intended interpretation Z and booleans, respec
tiely . hen one adds theolloi n typin aiomsto A

true B false B
not BB and B BB
n Z error Z
plus Z Z Z minus Z Z Z times Z Z Z divide Z Z Z
equal Z Z B.

@ ExMPL Az .timesz(plusz Z Z Z asissho n by theollo
in deriatio n.

plus Z Z Z S ——a0))

times 7 Z Z 2 plusz 7 Z —z0)
timesx Z Z plusx Z
times z(plusz ) Z
A .times z(plusz ) Z Z()

)
Az .titmesz(plusz ) Z Z Z

hetro n  ormalization property or (plain) A implies that not all re
cursie unctions are definable in the system. he same holdsor t he abo e
Ad calculus it h inteers .  heolloi n system ot ype assi nment is such
that all computable unctions are representable by a typed term. ndeed, the
system also assi ns types to non normalizin terms by introducin a primitie
fie dpoint combinator Y hai n type ( ) or eer y

60D (i) heAYd ¢ cuuisa nete nsion ot he \d calculus in
hich there is a constant Y  ith reduction rule

Yf o f(Y)).
(ii) ype assi nment to AY dterms is defined by addin the aioms
Yy ()
or each T. he resultin system is denoted by A\Y ¢

ecause ot he presence o Y , not all terms hae a normalorm . ithout
prooe state t heollo in .

6 THM (i) The \Yé ¢ cuu fiehe C hu ch R ppey
(ii) If e he AYédéc cuuh f , he ¢ befud
U ef educ

(iii) The Subjec Reduc ppey h d f AY¢6
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6 THM A ¢ pu be fuc ¢ bee peeed he AY§
c cuu by e yp be AYJ

he construction uses the primiti e numerals n. e tae™ vs =
Az.plus 1, Py s = Az.minus z 1, and Zeroy; = Az.equal z 0, then the proo
o heorem .1 ¢ an be imitated usin Y instead ot he fie dpoint combinator
Y. he typesor t he unctions defined usin Y are natural.

ne could also add Y to the system A usin the (sin le) aiom

Y:V ( )

6.1. Let k,, be defined by kg = | and k,+1 = K(k,).- Sho that on the k, the
recursive functions can be represented by terms in the Adg-calculus.

6.2.  Write don a A\é- term F in the system of Example 6.7 such that
Fn —» n! 4+ n.

6.3. Writedon a Ad- term F in the system of Example 6.8 such that for sy, so,t1,t2 €
Y. e have

Fl‘s1’,‘t1"]['s2’, ‘t2)] —» true, if (s1,t1) precedes (s2,t2) in the
lexicographical ordering of ¥ x 3;
—» false, other ise.

6.4.  Give suitable typing axioms (in A— and A2) for the constants in Example 6.6.






Chapter 7

Reduction Systems

n this chapter e consider some alternatie mo dels o computation based on
reriti n . he ob ects in these models are terms built upom ¢ it h
y in N and ariables, usin application.

7D Let C be aset o constants. he set ce ve C  (notation
T =T(C)) is defined asollo .

zV = z T
C Ct..t, T = Ct ...t) T

here n = arity(C).

Ri v Irr h

he simplest reduction systems areecu ve p che e (RP ).
hee neralorm oa n RP has as lan uae t he terms 7(C). n these a
reduction relation is defined asollo s

here n; = arity(C;). eree hae
(1) he C’s are all different constants.
() heee ariablesin ¢; are amon thez ... z
() nthe t’s there may be arbitrary C’s.
or eample , the system

isan RP .
he )\ calculus is po er ul enou h to ‘implement’ all these RP* s. e can
find Xerms it h the specified reduction behaio ur.

47



48 Introduction to Lambda Calculus

7 THM E ch RPS ¢ beepeeed X cuu.F ex pe (ee
b ve), hee ee C dDuchh

Cz D(Czz)

Dz Cz(Dzx ).

y the reducin  ariant 4. 7 ot he Multiple i edpoint heorem.

ithout prooe me ntion theollo in .

B TuM Evey RPS fiehe C huchRehee

Tr rwr

Moree neral than the RP’ s are the so called e ew ey e ( R s),

hich use p e ch i n unction definitions.  typical eam ple is
A0 )
A(S(z) ) S(A(z ).

hen, or eam ple, A(S(0) S(S(0))) S(S(S(0))).
he difference it h RP’ sis that ina Rt he ar uments oa reriter ule
may hae some structure. constant ina Rt hat does not hae a contraction
rule (i.e. no re rite r ule starts it h that constant) is called a cuc . he
other constants are called fuc
ot all R s satis y the Church Rosser property. Consider the system

A(z) B

A(B) C.
hen A(B) reduces both to B and to C. t is said that the t o r ulesve  p.
heollo in rule oerla ps it h itsel:

D(D(z)) E.

hen D(D(D(D))) reduces to E and to D(E).
ee Klop (1) or a sure y and reere nces on R s.
c b y ¢ (CL) is a reduction system related to A calculus. erms
in CL consist o (applications o ) constants I, K, S and ariables, ithout
arity restrictions. he contraction rules are

Iz z
Kz T
Sz z zz( 2).

( ote that KI isan.) hen KII I, and SII(SII) has no normal
orm. his CL can be represented as a R by considerin I K S as (0 ary)
constructors, toet her ith a unction Ap ith arity , asollo s.
Ap(I ) x
Ap(Ap(K z) ) x
Ap(Ap(Ap(S z) ) 2) Ap(Ap(z 2) Ap( 2)).
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he CL term STI(SII) istranslated into @ = Ap(w w) herew = Ap(Ap(S I) I).
he ormalization heorem does not ete nd to R s. Consider the abo e
Rersio noC L, toet her it h the rules

or(z true) true
or(true ) true
or(false false) false.
he epressio n
or(AB )

can, in eneral, not be normalized by contractin al a ys the leémost re de . n
act A and B hae to be e aluated in parallel. Consider e. . the terms

or(Q2 Ap(I true))

and
or(Ap(I true) ).

hereore t his system is called eque

C rr u

e n moree neral than R s are the combinatory reduction systems (CR )
introduced in Klop (18 0). hese are R s toet her it h arbitrary ariable
bindin operations. e haei n act

A /CR\ R
\

7.1.  (Toyama et al. (1989a), see also (1989b)) A TRS is called strongly normalizing
(SN) if there is no term that has an infinite reduction path. So (the TRS version
of) CL(S, K) is not SN, but CL(I, K) (with the obvious reduction rules) is.
Define the following two TRS’s.

Rll

F(4,5,6,2) — F(z,z,z,2),
F(x7y7z7w) % 77
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XX
N

RQ:

G(x’ :L.’ y) _> :L.’
G(z,y,2) — =,
Gy,z,z) — .

Show that both R; and Ry are SN, but the union R; U Rz is not.
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