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Abstract. We study onlinelearning algorithmsthat predict by com-
bining the predictions of several subordinate prediction algorithms,
sometimes called “experts.” These simple algorithms belong to the
multiplicative weights family of algorithms. The performance of
these algorithms degrades only logarithmically with the number of
experts, making them particularly useful in applications where the
number of experts is very large. However, in applications such
as text categorization, it is often natural for some of the experts
to abstain from making predictions on some of the instances. We
show how to transform algorithms that assume that all experts are
alwaysawaketo algorithms that do not require this assumption. We
also show how to derive corresponding loss bounds. Our method is
very general, and can be applied to alarge family of online learning
algorithms. We also give applicationsto various prediction models
including decision graphs and “ switching” experts.

1 Introduction

We study onlinelearning agorithmsthat predict by combin-
ing the predictions of several subordinate prediction algo-
rithms, sometimes called “experts.” Starting with the work
of Vovk [19] and Littlestone and Warmuth [14], many algo-
rithms have been developed in recent years which use multi-
plicative weight updates. These algorithmsenjoy theoretical
performance guarantees which can be proved without mak-
ing any statistical assumptions. Such results can be made
meaningful inanon-statistical setting by proving that the per-
formance of the master algorithm can never be much worse
than that of the best expert. Furthermore, the dependence of
such a bound on the number of experts is only logarithmic,
making such al gorithms applicable even when the number of
experts is enormous.

In this paper, we study an extension of the online pre-
diction framework first proposed by Blum [1]. The added
featureisthat we allow expertsto abstain frommaking apre-
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diction. Expertsthat are given the possibility to abstain are
called specialists, because we think of them as making their
prediction only when theinstance to be predicted fallswithin
their area of expertise. We say that a specialist isawakewhen
it makes apredictionand that it is asleep otherwise. Werefer
to the conventiona framework as the insomniac framework
sinceitisaspecia caseinwhich dl specidists are awake all
thetime.

An important real-world application of prediction for
which specidistsare very useful isinthefield of information
retrieval. Consider the problem of predicting the category to
which a news article belongs (such as “politics,” “wesather,’
“gports,” etc.) based on the appearance of wordsin the given
article. We can think of each word as afeature and represent
each article as a vector of features. In this case the num-
ber of features is huge (on the order of 10°), which makes
multiplicative wel ght-update algorithms very attractive. Itis
intuitively clear that most of the features are relevant only to
the small subset of the documents in which they appear. A
natural way for using thisintuition is to use specialists that
predict when a specific word or combination of words ap-
pear in the document and are asleep otherwise. Thisleadsto
very efficient algorithmsthat can deal with hugevocabularies
and make very good predictions. Thiswas demonstrated by
Cohen and Singer [3] who used one of the specidist ago-
rithms described in this paper for such a text-classification
task. Thus, our results generalize a theoretical foundation to
an algorithm that has already been shown to be of practica
value,

Inthefirst part of thispaper, we giveageneral transforma-
tionfor converting an insomniac algorithminto the specialist
framework and how the corresponding bounds can aso be
transformed. This transformation can be applied to a large
family of learning problems and agorithms, including all
those that fall within Vovk’s[18] very general framework of
online learning, as well as the agorithms belonging to the
“exponentiated gradient” family of algorithmsintroduced by
Kivinenand Warmuth [12]. The feature common to the anal -
ysis of al these algorithms is that they use an amortized
analysisinwhich relative entropy isthe potential function.

In the second part of the paper we show that using special-
istsis a powerful way for decomposing complex prediction



problems. The naive solution to these prediction problems
uses a very large set of experts, making the cal culations of
the prediction computationally infeasible. We show how a
large set of experts can be represented using a much smaller
set of specialists. Each expert corresponds to a subset of the
specialistswhich taketurnsin making their predictions. Only
asmall fraction of the speciaists are involved in producing
each prediction, which reduces the computational load even
further.

Specifically, we apply this decomposition to the problem
of predicting amost as well as the best pruning of adecision
graph. This generalizes previous work on predicting almost
aswell as the best pruning of adecision tree[21, 10].

We aso apply our methods to the problem of predict-
ing in a model in which the “best” expert may change with
time. We derive a speciaist-based agorithm for this prob-
lem that is as fast as the best known agorithm of Herbster
and Warmuth [ 11] and achieves almost as good a loss bound.
However, unlike their algorithm, ours does not require prior
knowledge of the length of the sequence and the number of
switches.

2 Thespecialist framework

We now giveaformal definition of the framework. Wedefine
online learning with specialists as a game that is played be-
tween the prediction a gorithmand an adversary. We assume
that there are N specidists, indexed by {1,..., N}. We
assume that predictions and outcomes are rea -valued num-
bers from a bounded range [0, 1].* We define aloss function
L : [0,1] x [0,1] — [0, c0) that associates a non-negative
loss to each pair of prediction and outcome.

The game proceeds in iterationst = 1,..., 7", each con-
sisting of the following five steps:

1. The adversary choosesaset F; C {1,..., N} of spe-
cidiststhat are awake at iteration .

2. The adversary chooses a prediction «, ; for each awake
specidist i € Fy.

3. The agorithm chooses its own prediction ;.
4. The adversary chooses an outcome y;.

5. The agorithm suffers loss ¢, = L(:,y:) and each
of the awake speciaists suffers loss ¢¢ = L(x¢;, y:).
Speciaiststhat are adeep suffer no loss.

The performance of an agorithm is measured in terms of
itstotal loss L4 = ELEQ. We are interested in bounds
that hold for any adversarial strategy. As the adversary
chooses the outcome after the a gorithm made its prediction,
it can clearly inflict on the agorithm a large loss on each

1In two of the three cases we present here, the outcomes must lie in
{0,1}. While some results can be presented in the much more general
online prediction framework of Vovk [18], we chose to simplify this paper
by making these more restrictive choices.

iteration. In order to give a meaningful bound, we consider
the difference between the totd loss of the algorithm and
the total loss of the experts. The totd loss of insomniac
algorithmsisusually compared to theloss of the best expert.
Such a comparison does not make sense in the specialists
framework because it is possible that no expert is avake
al of the time. Instead, we compare the total loss of our
algorithm to the loss of the best fixed mixture of the experts,
as defined precisely below. Our goad is to derive bounds
which guarantee that the performance of the agorithm will
be good whenever there exists some mixture of the specialists
that is good. Thus, the adversary cannot make the algorithm
suffer large loss unlessit inflictslarge loss on all mixtures of
speciaists?

This mixture of experts can be done in two ways, and we
consider both in this paper. We denote by Ay the set of
probability vectors of dimension V.

e Comparison to average loss: In the easier type of
comparison, we compare the total loss of the algorithm to
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The expression S°7_, LI (x;, y:) describes the total loss of
an agorithm that at each iteration ¢ predicts by randomly
choosing one of the specidists in F; according to the fixed
distribution u restricted to F; and re-normdized. Equa
tion (1) definesthetotal lossof the best distributionwu, which
suffers the minimal loss for the particular sequence. Asthis
optimal u is not known in advance, it isimpossible to actu-
ally achieve atotal loss of (1), and al we can hope for isto
guarantee that theloss of our a gorithmsis never much larger
thaniit.

e Comparison to average prediction: In this case we
compare the total loss of the algorithmto

L{l(xta yt) =

T
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This has a similar interpretation to the average loss compar-
ison but in this case we consider the loss of an idedlized

algorithm which predicts with the combined prediction of
the awake specidists, rather than choosing one of them at

L{f(xt,yt) =L (

2This definition is similar in motivation to the definition of regret in
the statistical analysis of prediction algorithms. However, unlike in that
case, no statistical assumptions are made here regarding the mechanism
that is generating the sequence. The bounds here hold for any sequence of
outcomes.



random and predicting with its prediction. Since in most
interesting cases the loss function is convex, bounds of this
form imply bounds of the previous form but not vice versa.
Bounds of this second form are harder to achieve.

In his work on predicting using specialists [1], Blum
proves a bound on the performance of a variant of the Win-
now algorithm[13]. Thisalgorithmisused for makingbinary
predictions and Blum made the additiona assumption that a
non-empty subset of the speciaists never make a mistake. It
isassumed that at any iteration at least one of these infallible
specialistsisawake. Thisisaspecia case of our framework
in which there exists a vector u (which has non-zero compo-
nents on theinfalliblesubset of specidists) such that theloss
associated with this vector is zero.®

3 Design and analysisof specialist algorithms

In this section we show how to transform insomniac learning
algorithms into the specialist framework. We start with a
simplecase and then describe agenera transformationwhich
we then apply to other, more complex cases.

A few preiminaries: Recall that Ay denotes the set
of probability vectors of dimension N, i.e, Ay = {p €
[0,2)¥ : >.pi = 1}. For two probability vectors
u,v € Ay, the rdative entropy, written RE (u||v) is
> uiln(u; /v;). (We follow the usual convention that
0In0 = 0.) For probability vector u € Ay and a set
EC{1,.. . N}, weddineu(E) =7 pu.

3.1 Logloss

One of the simplest and best known online prediction ago-
rithms is the Bayes algorithm, which has been rediscovered
many times, for instance, in the context of universal coding,
Bayesian estimation and investment management [4, 6, 7].
Inthiscase, the predictionsare from therange [0, 1], the out-
comes are from {0, 1} and thelossisthelog loss, or coding
length, defined as

—Ing

L(@a 3/) = { _ |n(1_ g)

Note that thislossis always honnegative, but may beinfinite
(forinstance, if § = Oand y = 1).

Bayes adgorithmisdescribed on theleft side of Figure 1.
This algorithm maintains a probability vector p; over the N
experts.* On each roundt, each expert ; providesaprediction
z;; € [0, 1]. The Bayes agorithm combines these by taking

ify=1
ify=0.

SHowever, the bounds derived by Blum are not comparable with the
boundsgiven here because he considers bounds which have no dependency
on the total number of specialists, while all our bounds have some depen-
dence on this number.

4This distribution over expertsis often called the posterior distribution,
and it has a natural probabilistic interpretation. However, as in this work
we make no probabilistic assumptions, the posterior distribution should
be regarded simply as real-valued weights that are used by the prediction
agorithm.

their average with respect to p; and predicting g = p: - x:.
The outcome y; then defines the loss of each expert and of
the master algorithm. The weights are then updated so as to
increase the wel ghts of the expertswith relatively small loss,
thereby ensuring that their predictionswill count moreon the
next round.

In our context the justification for using thisalgorithmis
the following bound on the total loss relative to the loss of
the best expert:

T T N
L At, '+ S min UZL Ttiy Yt +RE u 1
; (9. ) uem(;; (o5, ) (Ilp))
T
<min> L(zei,p) +INN (3)
t=1
where the last inequality holdsif theinitia “prior” distribu-
tion p1 ischosen to be uniform. Note that this bound holds
for al sequences of expert predictions and outcomes. Also,
note that the additional loss grows only logarithmically with
the number of experts.

On the right side of Figure 1, we present the algorithm
SBayes, an adaptation of the insomniac algorithm Bayes
to the case of specialists. The adaptation issimple: on each
round, wetreat I;, the set of specidiststhat are awake, asif
it were the complete set of specidists and leave the weights
of the other specialists untouched. We then re-normalize the
weights of the awake speciaists so that their total weight
remains unchanged. The main theorem regarding the perfor-
mance of SBayes is adirect adaptation of the well-known
theorem regarding Bayes.

Theorem 1 For any sequenceof awake specialists, specialist
predictions and outcomes and for any distribution u over
{1, ..., N}, theloss of SBayes satisfies

T

> u(E)L@ w) <0 uil(wes, ui) + RE (u]lpa) -

t=1 t=1ieFE,
Proof: We show first that
RE (ul[p¢) — RE (u||pe+1)
= u(E)L(Je, w) — Z il (e i, ye). 4
i€ B,
Consider the change in the relative entropy between u and
p: on two consecutive trials:

N
RE (ullp) ~ RE (ullpea) = 3 wiInfHe
i=1 )t
= Z U; In]ﬂ
i€EE, pt,i

If y. = 1, then the latter quantity is equd to
Zuilnxf’i = Zuilnxtyi—u(Et)lng}t
i€H, Y i€ B

- Z il (ze i, ) + w(Ee)L(Je, ).
iR,




Parameters: Prior distributionp1 € Ay ; number of trialsT'.

Algorithm Bayes
Dofort=1,2,...,7

1. Predict with the weighted average of the experts predic-
tions:

N
= E Pt it
=1

2. Observe outcome y;

3. Cdlculate anew posterior distribution:

Pt it H
— If =1
, 1»—{ yE ) Ye
t+1: — (1 — x, .
Dt i t,1
Praiz = 2ti) ify, = 0.
1—y Ye

Algorithm SBayes
Dofort=121,2,...,7

1. Predict with the weighted average of the predictions of
the awake specidists:

~ ZieEt pt,ixt,i
ZieEt Pti

2. Observe outcome y;

3. Cdculate anew posterior distribution:

pt,;ft,i if Y = 1
Ifie Ey thenpiy; = peill=zei) o 0
STy Tw=o

Otherwise, pi4+1,; = pei-

Figure 1: The Bayes algorithm and the Bayes algorithm for specialists.

The proof issimilar when y; = 0. Wethus get Equation (4).
Summing thisequality for¢t = 1, ..., 7 and using thefact
that the relative entropy is always positive we get

RE (ullp1) > RE (u|lp1) — RE (u||PT+1)
T
=) u(B)L (G, ) ZZULl‘m,yt
=1 t=1icE,

Rearranging terms then gives the statement of the theorem.
|

If, in additionto theconditionsof Theorem 1, u( ;) = U
foral 1 <t < 7T then we get the following bound that is
easier to interpret than the theorem:

ZL U, yt) < Z
(5)

Thefirst term on theright hand side of thisinequality isequal
to the expected loss of a prediction agorithm that predicts
accordingto thedistributionvector u asfollows. Oniteration
t thea gorithm chooses one of the awake expertsaccording to
the distribution defined by restricting u to the set £;. It then
predictswiththe prediction of the chosen expert. Equation (5)
showsthat thetotal lossof our algorithmis never much larger
than the total loss incurred by using any such fixed u. It aso
showsthat the gap is proportional to the distance between the
prior distribution p; and the comparison distribution u and
isinversely proportional to the fraction of the speciaiststhat
are awake at each iteration.

Lastly, note that algorithm Bayes is a specia case of
SBayes where E; = {1,..., N} for dl ¢. Thus, the bound
givenin Equation (3) is derived from Equation (5) by setting
U=1

Sien, wil(zei, u) E (ul|p1)
ZZEEt U

3.2 Thegeneral case

In this section, we generalize the method suggested in the
last section and show how it can be applied to alarge family
of on-line algorithms. We give a general method for con-
verting an insomniac on-line algorithm in this family, along
withitsrelative loss bound, into the corresponding specialist
algorithmand loss bound.

We focusinthissection onagorithmswhich, like Bayes,
maintain a distribution vector p; € Ay. In generd, such
algorithmsconsist of two parts:

1. aprediction function predy : Ay x [0, — [0,1]
which maps the current weight vector p; and instance
x; toaprediction g;; and

2. an update function update,, : Ay x [0, ]V x [0,1] —
A which maps the current weight vector p;, instance
x; and outcome y; to anew weight vector p; 1.

When clear from context, we drop the subscript on predy
and update,, .

The functioning of such an agorithmis shown on the | eft
side of Figure 2.

The conversion of such an algorithm to the specidist
framework in which some of the experts may be deep-
ing is fairly straightforward. First, for any nonempty sub-
st E C {1,...,N} of awake specidists and instance
x € [0, 1]V, let x¥ € [0, 1)/¥! denote the restriction of x to
the components of £. Formally, if £ = {i1,...,{ g} with
i1 < - <ijp thenz? = ;. Similarly, let p¥ € A
denote therestriction of p to £ but now the components are
also normalized. Thus, p¥ = pi;/ > pi-

The speciaist version of our abstract on-linelearning al-
gorithm is shown on theright side of Figure 2. The predic-
tion depends only on the awake specialists, and is given by



Insomniac algorithm
Dofort=1,2,...,7

1. Observe x;.
2. Pl’edICt L&t = pred(pt, Xt).
3. Observe outcome y; and suffer lossL(g:, y:).

4. Cadculate the new weight vector
Pt+1 = Update(p:, x¢, yr )

Specialist algorithm
Dofort=1,2,...,7

1. Observe £, and x™*
2. Predict §; = pred(p;™t, x*).
3. Observe outcome y; and suffer loss L (g, y:).

4. Calculate the new weight vector p;1 So that it satisfies
thefollowing:

(@ peyri = pi,ifori g B,

(b) pZ:, = update(p?*, x, y;)
N

(© > i_ipeg1i =1

Figure 2: Abstract insomniac and specialist on-line learning algorithms.

pred(pZ*, x7*). The update rulesaysto leave the weights of
deeping specialists unchanged, and to modify the weights of
awake experts in the natural way. That is, we modify these
weights so that p;’, = update(p;*,x;", y;) while meeting
the requirement that
> Pi+1i = 1 (or equivaently, that ZiEEt P
ZieEt pt,i)-

It can be verified that, when thistransformationis applied
to Bayes, theresulting algorithmis exactly SBayes.

Analysis

Asin the case of Bayes, alarge family of on-linelearning
algorithms can be analyzed by examining RE (ul|p:), the
relative entropy between a comparison distribution vector u
and the algorithm’'s weight vector p;. For instance, the key
fact in the analysis of Bayes isthefollowing:

ZUL l‘tz,yt

Thisisatrivial special case of Equation (4) withall specialists
awake.

The analysis of many other insomniac al gorithmsis based
on asimilar core inequdity of theform

RE (u[lp:) — RE (ul|pt11) > al(§:,y:) — blu(xt, ve)-
(6)
Here, « and b are positive constants which depend on the
specific on-line learning problem, L(§, y) is the loss of the
agorithm, and Lu(x,y) is the comparison loss of vector
u, which in this paper will dways be either Li,(x,y) or
Li{ (x,y) as defined in the introduction. For instance, for
Bayes, a = b = 1, L islog loss, and our bound is with
respect to Ly, .
Equation (6) immediately givesabound on the cumulative
loss of the algorithm since, by summingover t = 1,...,7T
we get

RE (uHPl)

RE <u||Pt+1 = |— yta yt

E (ullp:) —

> RE (ul|p1) — RE (u[|pr41)

T T
Z ) ZL (x¢, yt)
t=1 t=1

SO

T

b 1
E L (%, y:) S—E L (Xt,yt)+ERE<u||Pl)~ (7)
t=1

Q

Suppose now that we move to the specialist algorithm. We
have that

RE (up:) — RE (u]prs1) =

41 41,0
— Zuimmzzuimm
B Dt iEE, Dt

= u(E) (RE (uEth?t)_RE( ||pt+l))

Assuming Equation (6) holds, thislast term isat |east

u(Ee) (al (e, ve) = Dous: (< )

by construction of §; and p;+1. Thus, we have proved the
following genera bound which is the main result of this
section:

T

ZU(Et)L(Qt, ye) < (8)

t=1
oSl L u(EB)Lys, (xF*, y) + RE (ullpy) .

In short, we have shown that essentially any onlineinsomniac
algorithmwith abound of theform given in Equation (7) has
acorresponding specialist algorithmwith abound of theform
givenin Equation (8), provided that theinsomniac bound was
proved using the inequality in Equation (6).

We now givesevera applicationsof thisboundfor specific
lossfunctions. In addition to those included in this abstract,
the method can be applied to many other online algorithms,
including &l the agorithms derived for the expert setting
[19, 8, 2]. Thisispossiblebecause the analysisof all of these
algorithms can be rewritten using the relative entropy as a
mesasure of progress.



Parameters. Prior distributionpy € Ay;
learning rate > O; number of trials7".

Algorithm SAbs
Dofort=121,2,...,7

1. Predict with:
= F ZiEEt Pt,i%e i
' ! ZiEEt Pt

where F,, : [0,1] — [0, 1] is any function which satis-
fies fordl 0 < r < 1:

In((1—r)e=" +r —In(1l—r+re "
I ) e
ZHW nm

2. Observe outcomey; and incur lossL (g, y:) = |gr — |-

3. Cdculate anew posterior distribution: if ¢ €

—y ZjeEt Pt j
Dt je_nlxt,j_ytl
)

Cale.
Dt+1,i = Dti€ nlee, 5
JEE:

Otherwise, pi41,; = pei-

Figure 3: The multiplicative weights algorithm for specialists and
absoluteloss.

3.3 Absoluteloss

The absolute loss function is defined by L(g,y) = |5 — y|,
where, in this section, we assume that y € {0,1}. For
this loss function, it is natura to interpret § € [0,1] as a
randomized prediction in {0, 1} which is 1 with probability
¢ and O otherwise. Then theloss |§ — y| is the probability
of a mistake, and the cumulative loss measures the expected
number of mistakesin asequence of randomized predictions.

For the absolute loss, we can apply the transformation of
Section 3.2 to the a gorithm of Cesa-Bianchi et al. [2] which
is based on the work of Vovk [19]. Thisyieldsan agorithm
that is similar but somewhat more complex than SBayes,
which we call SAbs, and whichisshown in Figure 3. Like
SBayes, S Abs maintainsaweight for each specialist which
it updates by multiplicativefactorsafter each iteration. There
aretwo main differences between SAbs and SBayes. Firdt,
SAbs has aparameter > 0, sometimes called a“learning
rate,” that has to be set before the sequence is observed (see
Cesa-Bianchi et a. [2] for a detailed discussion of how to
choose 7). Second, the prediction is not aweighted average
of the predictions of the experts, but rather a function of this
average which also depends on 1.

To analyze SAbs, we first rewrite the analysis of this
algorithm [19, 2] using the notation from Section 3.2. The
coefficients in the instantiation of Equation (6) that apply to

Parameters. Prior distributionp; € Ay;
learning rate > O; number of trialsT'.

Algorithm SEG
Dofort=1,2,....T

1. Predict with:
“ ZieEt Pt,i%t i
V&=
Yicm, Pri
2. Observeoutcomey; andincur lossL (g:, y) = |5t — |-

3. Caculate anew posterior distribution: if : €

ZjeEt Pt,j
Yjem, Pt jem21meildmvo)
t B

—Zﬂl‘t,z(:l)t—yt)

Pt41i = P i€

Otherwise, pi41i = pr,i-

Figure 4: The exponentiated gradient algorithm for specialists and
squareloss.

this case depend on n and are

an:2|n

e and b, =7 . (9)
Itiseasy toverify that inthiscasethetwo typesof comparison
lossesareequa: ", ui|z; —y| = [u-x —y|.

Applying the genera reduction from Section 3.2 to this
case we get the following bound:

T
> u(E)|g — wel < (10)
t=1 ,
. (nZu(Etﬂu -x¢ — y:| + RE (u||p1)) .
t=1

34 Squareloss

We next consider the square loss L(3,y) = (§ — y)?. Us
ing the algorithm for on-line prediction with square loss de-
scribed by Vovk [19], we can derive an agorithm whose
bound is in terms of the comparison loss Li,(x, y). In this
section, we show how to get a more powerful boundin terms
of L/ (x, y) usingadifferent family of algorithms, called the
exponentiated gradient (EG) agorithms. This family was
introduced by Kivinen and Warmuth [12] and is derived and
analyzed using the relative entropy. It thus fits within the
framework of Section 3.2.

The EG agorithmis similar to the algorithms based on
Vovk’swork in that they maintain one weight per input and
updatethese weightsmultiplicatively. Themain differenceis
that instead of having the loss in the exponent of the update
factor, we have the gradient of theloss.



Applying the transformation of Section 3.2 to EG, we
obtain the agorithm SEG shown in Figure 4. Like SAbs,
thisagorithm has a parameter > 0 that needs to be tuned.

Atthecoreof thereativelossboundfor EG, thereisagain
an inequality of the form given in Equation (6). Kivinen and
Warmuth [12, Lemmab.8] provethat such aninequality holds
fora, =mn, b, = 22_—”77 and L{ll(x,y) = (u-x—y)% We
therefore can apply our general resultsto obtain the bound

Z w(E)(§e — w)? <

t=1
2 S u(E) (P xf — )2 + IRE (u]lp)

on therelative loss of SEG with respect to any comparison
vector u.

Thisconversion al soworksfor al other on-lineagorithms
derivablefromtherel ativeentropy such astheversionsof EG
where theloss of the agorithmis compared to theloss of the
best sigmoided linear neuron [9].

4 Applications

In this section, we describe severa applications of the spe-
cialist framework. For concreteness, wefocusfor each appli-
cation on aspecific lossfunction. The applicationsdescribed
can easily be extended and used with other loss functions.

4.1 Markov modds

As an illustration of the speciaist methodology, we begin
with an application to a simple prediction problem. Suppose
we are predicting a binary sequence one bit at atime, and we
want to minimize the expected number of mistakes, i.e., the
absoluteloss. One common approach isto predict according
to a k-th order Markov model for some fixed £ > 0. In this
case the prediction of each bit isafunction of the & preceding
bits. More formally, we want our prediction agorithm to
predict amost as well as the best table-lookup function 4 :
{0,1}* — {0, 1}, where we interpret y(s) asthe prediction
of such a function or expert given that s is the preceding
sequence of & bits.

Without applying the specialist framework, we could use,
for instance, Vovk’s[19] (insomniac) expert-prediction algo-
rithmin which we maintain one expert for each table-lookup
function. Naively, this would require maintenance of 22°
weights, al of which must be updated on every trial.

Alternatively, we propose maintaining 25+ specialists,
onefor every pair (s, b) in {0, 1}* x {0, 1}. Such aspecidist
is awake if and only if the sequence s exactly matches the
preceding £ bits, and, when awake, it aways predictsb.

This set up requires maintenance of only 2*+! weights.
Furthermore, since only two specidists are awvake on each
round, the time to formulate each prediction and to update
the weightsis O(1) per round.

Toanayzethisa gorithm, wewish to comparetheabsol ute
loss of our algorithm to the absolute loss of the “best” table-
lookup function i. To do so, let the comparison vector u
be uniform over the set of 2* specialists identified by ,
i.e, theset {(s,b) : u(s) = b}. Clearly, on each round,
exactly one of these is avake so u(E;) = 27 for al ¢.
Also, note that the prediction associated with u is identical
to that of . If we choose p1 to be uniform over al of the
defined specidists, then RE (u||p1) = In2. Equation (10)
then impliesimmediately that the loss of our algorithmis at
most (n/a,)L* + (1/a,)2* In2 where L* is the loss of the
best table-lookup function, and a,, and b, are as defined in
Equation (10). Thisbound coincides exactly with the bound
which would be obtained using the more naive approach
of maintaining an expert for each of the 22 table-lookup
functions.

We included this example as a simple illustration of the
general method. Theresult isnot new; for instance, the same
loss bound and time and space complexity can be achieved
using avariant of Cover and Shenhar’s [5] method of parti-
tioning the data sequence. However, as will be seen in the
next sections, we can apply the specialist framework to much
more powerful models and derive algorithmsthat are, to our
knowledge, more efficient than the best existing algorithms
based on the experts approach.

4.2 Decision graphs

The Markov models described in the previous section are
a specia case of decision trees which are a special case
of decision graphs. In this section we describe decision
graphs and pruningsof decision graphs. We give an efficient
prediction algorithm, based on specidists, which predicts
amost as well as the best pruning of a decision graph.

In this section, we use the log loss. On each iteration ¢,
the prediction algorithm receives an instance zt. Wewill be
interested in predi ctions computed by decision graphs. A de-
cisiongraph G isadirected acyclic graph with interior nodes
and terminal nodes, and adesignated start node. Theinterior
nodes are associated with testson theinput instance »*. Each
interior node has two outgoing edges, one for each possible
outcome of the test. Each terminal node is associated with
apredictionin [0, 1]. The prediction associated with an in-
stanceiscaculated inthenatural way. Starting from the start
node, thegraph istraversed by performing thetest associated
with the current node, selecting the edge that corresponds to
the outcome of the test, and moving to the node pointed to
by the selected edge. This process continues until aterminal
nodeisreached. The prediction associated with thisterminal
nodeis the prediction of the graph.

For instance, for the graph on the Ieft in Figure 5, given
the instance z = 010, the terminal node reached is node D
whose predictionis0.7.

When decision graphs are very large, it is sometime ad-
vantageous to stop the decision process before reaching a
terminal node and instead associate the predictionwith an in-
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Figure 5: A decision graph and its possible prunings.

ternal node. Wecall thedecision graph that isderived in such
away apruning of theoriginal decision graph. Animportant
example is the well-studied [16, 20, 15, 17, 21] variable-
length Markov model, in which the order of decisions is
fixed in advance, but the depth of the decision process might
depend on the instance. In other words, as in Section 4.1,
decisionsare based on the preceding sequence of bits, but the
number of bitsthat are examined may not be the same for al
instances.

More precisaly, assume now that predictions are associ-
ated with all of the nodes of G (including interior nodes). In
the context of this paper, a pruning P of this decision graph
isany decision graph that can be generated in the following
way. First, a set of pruning nodes is selected. Second, all
edgesthat are reachable from the pruning nodes are removed.
Finaly, all nodes that cannot be reached from the start node
are removed and al nodes without outgoing edges are de-
fined to be terminal. Note that the terminal nodes include
the pruning nodes but can & so include other nodes. Figure5
shows all of the prunings of the left-most graph.

Our goal isto predict almost as well as the pruning that
gives the predictionswith the minimum loss on the observed
sequence. The naive approach would be to maintain one
insomniac expert for each possible pruning and adjust the
weight of each pruning based on its performance. However,
the number of prunings of a decision graph can be exponen-
tially large in the size of the graph, making this approach
computationally infeasible.

Instead, we use the specialist framework by associating a
specialist with each edgein thefull decision graph. The pre-
diction of aspecidist isthe prediction of the node pointed to
by its corresponding edge. A specidlist isawake at time step
t if and only the sequence of tests performed on = traverses
itsassigned edge.® Clearly, thetotal number of specialistsal-

5In order to handle degenerate situations, we also assign a specialist to
a “dummy” edge that comes in to the start node; this specialist is always
awake.

located isequal to the number of edges of the decision graph
G, and the time needed to formul ate a predictionisthelength
of the path from the start node to aterminal node.

To analyze the a gorithm, we compare the log loss of the
algorithm to the loss of any pruning. Let 7 be the pruning
which achieves the smallest total 1oss. We say that an edgeis
aterminal edgeif itisaningoingedge of aterminal node. We
let the comparison vector u be uniform over al the terminal
edgesin P. Let k be the number of termina edgesin P,
and let m be the total number of edges in the full decision
graph G. On each round, exactly one termina edge of P
is traversed in G; this follows from the manner in which
prunings have been defined. Hence, exactly one specialist
in the support set of u is awake o0 u(E;) = 1/k for al
t. By construction, the loss of u is equal to the loss of the
predictions computed by pruning 7. From Theorem 1, we
therefore get that the additional 1oss of the algorithm relative
to theloss of P isat most & - RE (u||p1). If we choose p;
to be uniform over al the edges in the full decision graph G
then RE (ul|p1) = In(m/k), giving an additional lossbound
of kIn(m/k). Thisbound is essentially optimd for general
decision graphs.

Inthe specia case that the decision graphisactualy ade-
cisiontree, we couldinstead apply thetechniquesof Willems,
Shtarkov and Tjakens[21] and Helmbold and Schapire[10].
Their methodsal so |ead to an algorithmfor predicting amost
aswell asthe best pruning of the decision tree, but resultsin
an additional loss bound of only O(k) where, as above, & is
thenumber of terminal edgesof P, which, for trees, issimply
equa to the number of leaves. For trees, our bounds can be
improved to O(k2) whichisstill inferior to the above bound.
However, our method is more general and can be applied not
only to decision trees but to any directed acyclic graph.

4.3 Switching experts

In the conventiona (insomniac) on-line learning model, we
compare the loss of the master algorithm to the loss of the
best of N expertsfor the entire sequence. However, it isnat-
ural to expect that different experts will be best for different
segments of the data sequence. 1n thissection, we study such
amodel of prediction inwhich the “best” expert may change
with time.

Specifically, weimaginethat the sequence of 7" prediction
rounds is subdivided (in a manner unknown to the learner)
into at most & segments where each segment is associated
with a unique expert which suffers the minimal loss on the
segment. The sequence of segments and its associated se-
guence of best expertsis called a segmentation. Our goal is
to perform well relative to the best segmentation.

This prediction problem was first studied by Littlestone
and Warmuth [14]. Currently, the best of the known ago-
rithmsfor thisproblem aredueto Herbster and Warmuth[11].
Although the algorithms we obtain are just as efficient as
theirs (O(N) time per iteration), our bounds are sightly
weaker than Herbster and Warmuth's. However, their algo-



rithmsrequire estimates of & and /" and their bounds degrade
asthe quality of the estimates degrades. Our algorithm does
not require prior knowledge of k& and 7.

We usethelog lossin thissection. We call the NV original
experts the ground experts, and we define a set of higher-
level experts called segmentation experts. A k-segmentation
expert is defined by a segmentation of the sequence into &
segments, each associated with aground expert. That is, each
k-segmentation expert is defined by a sequence of switch
points0 = ¢y < 1 < --- < & = 1 and a sequence of
ground expertsey, . . ., ex. Here, theinterpretationisthat the
segmentation expert predicts the same as expert e; on trials
t;_1+ lthrought; (inclusive). Our god isto predict almost
as well as the best segmentation expert.

If thea gorithmwere providedin advance with the number
of segments & and the length of the sequence 7', then we
could keep one weight for each of the exponentialy many
k-segmentation experts and apply the Bayes agorithm of
Section 3.1. In this case, the additional loss, relative to the
best k-segmentation expert, is upper bounded by kInN +
(k — 1)In(T'/k). Note that this bound coincides with the
description length (in nats) of a segmentation expert (when &
and " are known), a bound which seems impossible to beat.
Herbster and Warmuth’s bound is essentialy larger than this
bound by %, provided that & and 'I" are known ahead of time
by their algorithm. Our boundisk(InT+o(InT)) larger than
either bound, but our algorithm requires no prior knowledge
of T"and k.

We now describe our construction of specidists for the
switching experts problem. We construct one specialist
S(t1,t2,4) for each ground expert ¢ and for each pair of
positive integers 11 < t,. Such a speciaist uses the pre-
dictions of expert i on rounds ¢, through ¢, (inclusive) and
is asleep the rest of thetime. We choose the initid weight
of thisspecialist to be p1(S(t1,t2,9)) = v(t2)/(t2N) where
v(t) isany distribution on the natural numbers. Itisnot hard
to show that p; sums to one when summed over al of the
defined specialists.

With thisconstruction of specialists, weare ready to apply
SBayes.% Let usfirst analyze the additional loss of thea go-
rithm. For any k-segmentation expert of the form described
above, we can set the comparison vector u to be uniform over
the k speciaists naturally associated with the segmentation,
namely, S(l, i1, 61), S(tl—l—l, 2, 62), R S(tk_]_—l—l, T 6k).
Since exactly one of these is awake a each time step,
u(E:) = 1/k. Furthermore, note that the prediction asso-
ciated withu isidentica to that of the k-segmentation expert
from which it was derived. Therefore, from Theorem 1, we
get that the additional loss incurred by our algorithm relative

6Although presented for a finite number of specialists, SBayes (or
any of the other algorithms in this paper) can easily be modified to handlea
countably infinite number of specialists.

Parameters: Prior distribution v over IN;
number of trials 7.

Specialists Algorithm for Switching Experts
Initialize: Q% = 1/N; F1 =3 o,v(t)/(EN).
Dofort=1,2,....7T

1. Predict with the weighted average of the experts predic-
tions: N
gt = Zi:l le’t,i
il Q)
2. Observe outcome i and incur loss.
3. Caculate new weights:

(@ Fip1=Fy—v(t)/(tN)

Ths ify, =1
b RE=< {0
l_gt’ if Y = 0.

© Qit'=Fq (1+ RT)

Figure 6: The SBayes algorithm for switching experts.

to any k-segmentation expert is at most

RE (ullpy) _ MY S g - S e
() = kln(k)+;Int] ;In (t;).

Thisbound clearly depends on the choice of v. For instance,
if we choose v(t) = ¢/(¢t[In(t + 1)]?) for the appropriate
normalizing constant ¢, thentheboundisat most £ In(N/ k) +
2kInT 4+ k - o(InT).

It is not immediately obvious how to implement this al-
gorithm since it requires maintenance of an infinite number
of specialists. We describe below an efficient scheme that
requires maintenance of only O(N) weights, and in which
predictions and updates dso require only O(N) time per
round. The main idea is to show that the predictions of
SBayes can bewrittenin theform

g _ Zﬁ\;lQEItﬂ'
t— TN At
Zi:lQE

where z, ; is the prediction of ground expert ¢ at time ¢ and
Q! isthetotal weight of all specialistsassociated withground
expert i that are active at timet. We then show how to update
these weights efficiently, resulting in the algorithm shown in
Figure6.

Let py, ., ; betheweight maintained by SBayes for spe-
cialist S(t1,%2,4) a timet. Then the prediction of our ago-



rithmat timet is

t

N
S 3D

~ i=1t1=1tr=¢t
Yo = ’

- N ot
Z Z Zptlytzy

i=1t1=1t=¢t

where z, ; isthe prediction of ground expert ¢ at time¢. Let
Q! bethetota weight of al| specialistsassociated with ground
expert i that are active a timet, that is,

t 00
— t
=22 P

t1=1tr=t

Then,

g _ Zi\;l ngtyi

E= TN o
Zi:l Qf

Our implementation maintains only the N weights Q.
We now show how to update these weights efficiently.

Let
Tt,q
t __ gt
Ri - { 1—x4
1-9:

Then, from the manner in which weights are updated by
SBayes, we have that

ify, =0

I/(t ) t—1
4 _ 2 s
Pty tai = 1N H R; .
s=t1
Therefore,
v(t2)
t —
@——ZZ H
=1t=¢ s=t1
t t—1
NS
t1=1s=ty
where F; = 5", %ﬁ—@l We can thus update Q¢ using the
recurrence
t+1 ¢
= a3 1T
t1=1s=ty
t t-1 RIQ!
= I (1+R§ZHR5)IFH1 (1-1- )
t
t1=1s=ty

This update takes O(1) time per weight, assuming that F;
has been precomputed. The resulting algorithmis shown in
Figure 6.
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