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Abstract. In this paper we �rst overview the main conceptsof Statistical Learning Theory, a framework
in which learning from examplescan be studied in a principled way. We then brie
y discusswell known as
well emerginglearning techniquessuch as Regularization Networks and Support Vector Machines which
can be justi�ed in term of the sameinduction principle.
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1. In tro duction

The goal of this paper is to provide a short in-
troduction to Statistical Learning Theory (SLT)
which studies problems and techniques of super-
vised learning. For a more detailed review of SLT
see[5]. In supervised learning { or learning-from-
examples{ a machine is trained, instead of pro-
grammed, to perform a given task on a number of
input-output pairs. According to this paradigm,
training meanschoosinga function which best de-
scribes the relation between the inputs and the
outputs. The central question of SLT is how well
the the chosenfunction generalizes,or how well it
estimatesthe output for previously unseeninputs.

We will considertechniqueswhich lead to solu-
tion of the form

f (x) =
X̀

i =1

ci K (x; x i ): (1)

where the x i ; i = 1; : : : ; l are the input examples,
K a certain symmetric positive de�nite function
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named kernel, and ci a set of parameters to be
determined form the examples. This function is
found by minimizing functionals of the type

H [f ] =
1
`

X̀

i =1

V(yi ; f (x i )) + � kf k2
K ;

where V is a loss function which measuresthe
goodnessof the predicted output f (x i ) with re-
spect to the given output yi , kf k2

K a smoothness
term which can be thought of as a norm in the
Reproducing Kernel Hilb ert Spacede�ned by the
kernel K and � a positive parameter which con-
trols the relative weight betweenthe data and the
smoothness term. The choice of the loss func-
tion determinesdi�eren t learning techniques,each
leading to a di�eren t learning algorithm for com-
puting the coe�cien ts ci .

The rest of the paper is organized as follows.
Section 2 presents the main idea and concepts
in the theory. Section 3 discussesRegularization
Networks and Support Vector Machines, two im-
portant techniques which produce outputs of the
form of equation (1).

2. Statistical Learning Theory

We consider two sets of random variables x 2
X � Rd and y 2 Y � R related by a probabilis-
tic relationship. The relationship is probabilis-
tic becausegenerally an element of X does not
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determine uniquely an element of Y , but rather
a probabilit y distribution on Y. This can be
formalized assuming that an unknown probabil-
it y distribution P(x; y) is de�ned over the set
X � Y . We are provided with examplesof this
probabilistic relationship, that is with a data set
D ` � f (x i ; yi ) 2 X � Yg`

i =1 called training set, ob-
tained by sampling ` times the set X � Y accord-
ing to P(x; y). The \problem of learning" consists
in, given the data set D ` , providing an estimator,
that is a function f : X ! Y , that can be used,
givenany valueof x 2 X , to predict a valuey. For
exampleX could be the set of all possibleimages,
Y the set f� 1; 1g, and f (x) an indicator function
which speci�es whether imagex contains a certain
object (y = 1), or not (y = � 1) (seefor example
[12]). Another example is the casewhere x is a
set of parameters, such as pose or facial expres-
sions, y is a motion �eld relative to a particular
referenceimage of a face,and f (x) is a regression
function which maps parameters to motion (see
for example [6]).

In SLT, the standard way to solve the learn-
ing problem consistsin de�ning a risk functional,
which measuresthe average amount of error or
risk associated with an estimator, and then look-
ing for the estimator with the lowest risk. If
V (y; f (x)) is the loss function measuring the er-
ror we make when we predict y by f (x), then the
averageerror, the so called expected risk, is:

I [f ] �
Z

X ;Y
V(y; f (x))P(x; y) dxdy

We assumethat the expected risk is de�ned on a
\large" classof functions F and we will denoteby
f 0 the function which minimizes the expectedrisk
in F . The function f 0 is our ideal estimator, and
it is often called the target function. This function
cannot be found in practice, becausethe probabil-
it y distribution P(x; y) that de�nes the expected
risk is unknown, and only a sampleof it, the data
set D ` , is available. To overcomethis shortcom-
ing we need an induction principle that we can
use to \learn" from the limited number of train-
ing data we have. SLT, as developed by Vapnik
[15], builds on the so-calledempirical risk mini-
mization (ERM) induction principle. The ERM
method consistsin using the data set D ` to build
a stochastic approximation of the expected risk,

which is usually called the empirical risk, de�ned
as

I emp [f ; `] =
1
`

X̀

i =1

V(yi ; f (x i )) :

Straight minimization of the empirical risk in F
can be problematic. First, it is usually an il l-
posed problem [14], in the sensethat there might
be many, possibly in�nitely many, functions min-
imizing the empirical risk. Second,it can lead to
over�tting , meaning that although the minimum
of the empirical risk can be very close zero, the
expected risk { which is what we are really inter-
estedin { can be very large.

SLT provides probabilistic bounds on the dis-
tance between the empirical and expected risk of
any function (therefore including the minimizer
of the empirical risk in a function spacethat can
be used to control over�tting). The bounds in-
volve the number of examples` and the capacity
h of the function space,a quantit y measuringthe
\complexit y" of the space. Appropriate capacity
quantities are de�ned in the theory, the most pop-
ular onebeing the VC-dimension[16] or scalesen-
sitive versionsof it [9], [1]. The bounds have the
following generalform: with probabilit y at least �

I [f ] < I emp [f ] + �(

r
h
`

; � ): (2)

whereh is the capacity, and � an increasingfunc-
tion of h

` and � . For more information and for
exact forms of function � we refer the reader to
[16], [15], [1]. Intuitiv ely, if the capacity of the
function spacein which we perform empirical risk
minimization is very large and the number of ex-
amplesis small, then the distancebetweenthe em-
pirical and expected risk can be large and over�t-
ting is very likely to occur.

Since the spaceF is usually very large (i.e. F
could be the spaceof squareintegrable functions),
one typically considerssmaller hypothesis spaces
H. Moreover, inequality (2) suggestsan alterna-
tiv e method for achieving good generalization: in-
stead of minimizing the empirical risk, �nd the
best trade o� between the empirical risk and the
complexity of the hypothesisspacemeasuredby the
secondterm in the r.h.s. of inequality (2). This
observation leadsto the method of Structural Risk
Minimization (SRM).
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The idea of SRM is to de�ne a nestedsequence
of hypothesisspacesH 1 � H2 � : : : � H M , where
each hypothesis spaceHm has �nite capacity hm

and larger than that of all previous sets, that is:
h1 � h2; : : : ; � hM . For example Hm could be
the set of polynomials of degreem, or a set of
splines with m nodes, or somemore complicated
nonlinear parameterization. Using such a nested
sequenceof more and more complex hypothesis
spaces,SRM consists of choosing the minimizer
of the empirical risk in the spaceH m � for which
the bound on the structural risk, as measuredby
the right hand sideof inequality (2), is minimized.
Further information about the statistical proper-
ties of SRM can be found in [3], [15].

To summarize, in SLT the problem of learn-
ing form examplesis solved in three steps: (a) we
de�ne a lossfunction V(y; f (x)) measuringthe er-
ror of predicting the output of input x with f (x)
when the actual output is y; (b) wede�ne a nested
sequenceof hypothesis spacesH m ; m = 1; : : : ; M
whosecapacity is an increasingfunction of m; (c)
we minimize the empirical risk in each of H m and
choose,among the solutions found, the one with
the best trade o� between the empirical risk and
the capacity as given by the right hand side of
inequality (2).

3. Learning machines

3.1. Learning as functional minimization

We now consider hypothesis spaces which are
subsets of a Reproducing Kernel Hilb ert Space
(RKHS) [17]. A RKHS is a Hilb ert spaceof func-
tions f of the form f (x) =

P N

n =1 an � n (x), where
f � n (x)gN

n =1 is a set of given, linearly independent
basis functions and N can be possibly in�nite. A
RKHS is equipped with a norm which is de�ned
as:

kf k2
K =

NX

n =1

a2
n

� n
;

where f � n gN
n =1 is a decreasing,positive sequence

of real values whosesum is �nite. The constants
� n and the basis functions f � n gN

n =1 de�ne the
symmetric positive de�nite kernel function:

K (x; y) =
NX

n =1

� n � n (x)� n (y);

A nested sequenceof spacesof functions in the
RKHS can be constructedby bounding the RKHS
norm of functions in the space.This can be done
by de�ning a set of constants A1 < A2 < : : : < AM

and consideringspacesof the form:

Hm = f f 2 RK H S : kf kK � Am g

It can be shown that the capacity of the hypothe-
sisspacesHm is an increasingfunction of Am (see
for example [5]). According to the scheme given
at the end of section 2, the solution of the learn-
ing problem is found by solving, for each Am , the
following optimization problem:

minf
P `

i =1 V(yi ; f (x i ))

subject to kf kK � Am

and choosing, among the solutions found for each
Am , the one with the best trade o� betweenem-
pirical risk and capacity, i.e. the one which min-
imizes the bound on the structural risk as given
by inequality (2).

The implementation of the SRM method de-
scribed above is not practical becauseit requires
to look for the solution of a large number con-
strained optimization problems. This di�cult y is
overcomeby searching for the minimum of:

H [f ] =
1
`

X̀

i =1

V(yi ; f (x i )) + � kf k2
K : (3)

The functional H [f ] contains both the empirical
risk and the norm (complexity or smoothness)of f
in the RKHS, similarly to functionals considered
in regularization theory [14]. The regularization
parameter � penalizesfunctions with high capac-
it y: the larger � , the smaller the RKHS norm of
the solution will be.

When implementing SRM, the key issueis the
choice of the hypothesis space, i.e. the param-
eter Hm where the structural risk is minimized.
In the caseof the functional of equation (3), the
key issuebecomesthe choiceof the regularization
parameter � . These two problems, as discussed
in [5], are related, and the SRM method can in
principle be usedto choose� [15]. In practice, in-
stead of using SRM other methods are usedsuch
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as cross-validation ([17]), GeneralizedCrossVali-
dation, Finite Prediction Error and the MDL cri-
teria (see[15] for a review and comparison).

An important feature of the minimizer of H [f ]
is that, independently on the lossfunction V , the
minimizer has the samegeneralform ([17])

f (x) =
X̀

i =1

ci K (x; x i ); (4)

Notice that equation (4) establishesa representa-
tion of the function f as a linear combination of
kernelscentered in each data point. Using di�er-
ent kernelswe get functions such as Gaussianra-
dial basisfunctions (K (x; y) = exp(� � kx � yk2)),
or polynomials of degreed (K (x; y) = (1+ x � y)d)
[7], [15].

We now turn to discuss a few learning tech-
niques based on the minimization of functionals
of the form (3) by specifying the loss function
V . In particular, we will consider Regularization
Networks and Support Vector Machines (SVM),
a learning technique which has recently beenpro-
posedfor both classi�cation and regressionprob-
lems (see[15] and referencestherein):
� Regularization Networks

V(yi ; f (x i )) = (yi � f (x i ))2; (5)

� SVM Classi�cation

V(yi ; f (x i )) = j1 � yi f (x i )j+ ; (6)

where jxj+ = x if x > 0 and zero otherwise.
� SVM Regression

V(yi ; f (x i )) = jyi � f (x i )j � ; (7)

wherethe function j � j � , called � -insensitive loss,is
de�ned as:

jxj � �
�

0 if jxj < �
jxj � � otherwise:

(8)

We now brie
y discusseach of these three tech-
niques.

3.2. Regularization Networks

The approximation scheme that arises from the
minimization of the quadratic functional

1
`

X̀

i =1

(yi � f (x i ))2 + � kf k2
K (9)

for a �xed � is a special form of regularization. It
is possibleto show (seefor example [7]) that the
coe�cien ts ci of the minimizer of (9) in equation
(4) satisfy the following linear systemof equations:

(G + �I )c = y; (10)

where I is the identit y matrix, and we have de-
�ned

(y) i = yi ; (c) i = ci ; (G) ij = K (x i ; x j ):

Since the coe�cien ts ci satisfy a linear system,
equation (4) can be rewritten as:

f (x) =
X̀

i =1

yi bi (x); (11)

with bi (x) =
P `

j =1 (G + �I ) � 1
ij K (x i ; x). Equation

(11) gives the dual representation of RN. Notice
the di�erence between equation (4) and (11): in
the �rst onethe coe�cien ts ci are learnedfrom the
data while in the secondonethe basesfunctions bi

are learned, the coe�cien t of the expansionbeing
equal to the output of the examples. We refer to
[7] for more information on the dual representa-
tion.

3.3. Support Vector Machines

We now discussSupport Vector Machines (SVM)
[2], [15]. We distinguish betweenreal output (re-
gression)and binary output (classi�cation) prob-
lems. The method of SVM regressioncorresponds
to the following minimization:

Min f
1
`

X̀

i =1

jyi � f (x i )j � + � kf k2
K (12)

while the method of SVM classi�cation corre-
sponds to:



?? 5

Min f
1
`

X̀

i =1

j1 � yi f (x i )j+ + � kf k2
K ; (13)

It turns out that for both problems (12) and (13)
the coe�cien ts ci in equation (4) can be found by
solving a Quadratic Programming (QP) problem
with linear constraints. The sizeof the box is in-
verselyproportional to the regularization parame-
ter � . The QP problem is non trivial sincethe size
of matrix of the quadratic form is equalto ` � ` and
the matrix is dense. A number of algorithms for
training SVM havebeenproposed:somearebased
on a decomposition approach where the QP prob-
lem is attacked by solving a sequenceof smaller
QP problems[11], others on sequential updatesof
the solution [13].

A remarkable property of SVMs is that loss
functions (7) and (6) leadto sparsesolutions. This
means that, unlike in the caseof Regularization
Networks, typically only a small fraction of the
coe�cien ts ci in equation (4) are nonzero. The
data points x i associated with the nonzeroci are
called support vectors. If all data points which are
not support vectorswereto be discardedfrom the
training set the samesolution would be found. In
this context, an interesting perspective on SVM
is to considerits information compressionproper-
ties. The support vectorsrepresent the most infor-
mative data points and compressthe information
contained in the training set: for the purposeof,
say, classi�cation only the support vectorsneedto
be stored, while all other training examplescanbe
discarded. This, along with somegeometricprop-
erties of SVMs such as the interpretation of the
RKHS norm of their solution as the inverseof the
margin [15], is a key property of SVM and might
explain why this technique works well in many
practical applications.

3.4. Kernels and data representations

We conclude this short review with a short dis-
cussion on kernels and data representations. A
key issuewhen using the learning techniques dis-
cussedabove is the choiceof the kernelK in equa-
tion (4). The kernel K (x i ; x j ) de�nes a dot prod-
uct between the projections of the two inputs x i

and x j , in the feature space(the features being

f � 1(x); � 2(x); : : : � N (x)g with N the dimension-
alit y of the RKHS). Therefore its choice is closely
related to the choiceof the \e�ectiv e" representa-
tion of the data, i.e. the image representation in
a vision application.

The problem of choosingthe kernel for the ma-
chines discussedhere, and more generally the is-
sueof �nding appropriate data representations for
learning, is an important and open one. The the-
ory doesnot provide a generalmethod for �nding
\go od" data representations, but suggestsrepre-
sentations that lead to \simple" solutions. Al-
though there is not a generalsolution to this prob-
lem, a number of recent experimental and theoret-
ical works provide insights for speci�c applications
[4], [8], [10], [15].
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